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1 INTRODUCTION

Mohamed Boucetta'-?

Abstract

In this paper, we generalize all the results obtained on para-Kéhler Lie algebras in [3]
to para-Kéhler Lie algebroids. In particular, we study exact para-Kéhler Lie algebroids
as a generalization of exact para-Kihler Lie algebras. This study leads to a natural gen-
eralization of pseudo-Hessian manifolds, we call them contravariant pseudo-Hessian
Manifolds. Contravariant pseudo-Hessian manifolds have many similarities with
Poisson manifolds. We explore these similarities which, among others, leads to a pow-
erful machinery to build examples of non trivial pseudo-Hessian structures. Namely,
we will show that given a finite dimensional commutative and associative algebra
(A, .), the orbits of the action ® of (A, +) on A* given by ®(a, ) = exp (L*)(u) are
pseudo-Hessian manifolds, where L,(b) = a.b. We illustrate this result by consider-
ing many examples of associative commutative algebras and show that the resulting
pseudo-Hessian manifolds are very interesting.
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Recall that a Lie algebroid is a vector bundle A — M together with an anchor map p : A — T M and a Lie bracket [, ], on
I'(A) such that, for any a, b € I'(A), f € C®(M),

la, fb]4 = fla, b4 + p(a)(/)b.

Lie algebroids are now a central notion in differential geometry and constitute an active domain of research. They have many
applications in various part of mathematics and physics (see for instance [6-8,18]). It is a well-established fact that many
classical geometrical structures involving the tangent bundle of a manifold (which has a natural structure of Lie algebroid) can
be generalized to the context of Lie algebroids. Thus the notions of connections on Lie algebroids, symplectic Lie algebroids,
pseudo-Riemannian Lie algebroids and so on are now usual notions in differential geometry with many applications in physics
(see for instance [4,10]). On the other hand, it is important to point out that Lie algebroids generalize also Lie algebras and,
for instance, if one obtains a result on the curvature of pseudo-Riemannian Lie algebroids this result holds for the curvature of
pseudo-Euclidean Lie algebras and hence for the curvature of left invariant pseudo-Riemannian metrics on Lie groups.
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In this paper, we study para-K#hler Lie algebroids as a generalization of both para-K&hler manifolds and left invariant para-
Kihler structures on Lie groups. Para-Kahler Lie algebroids were introduced by Leichtnam, Tang and Weinstein in [14] and
have been studied in [16,17]. In our study, we adopt a different point of view from [16,17], we recover some of their results and
give new ones.

A para-Kdhler structure on a manifold M is a pair (g, K) where g is a pseudo-Riemannian metric and K is a parallel (with
respect to the Levi—Civita connection of g) skew-symmetric endomorphism field satisfying K> = I'dr,. The paper [9] contains
a survey on para-Kéhler geometry and contains many references. When the manifold is a Lie group G, the metric and the para-
complex structure are considered left-invariant, they are both determined by their restrictions to the Lie algebra g of G. In a such
situation, (g, g,, K,) is called para-Kdhler Lie algebra.

A para-Kihler Lie algebroid is a Lie algebroid (4, M, p) together with a pseudo-Euclidean product ( , ) on A and a bundle
isomorphism K : A — A such that K> =1d,, K is skew-symmetric with respect to (, ) and VK = 0 where V is the Levi—
Civita connection associated to { , ).

The authors realized a complete study of para-Kéhler Lie algebras in [3] and, our first motivation was to generalize the results
obtained in this study to the context of para-Kéhler Lie algebroids. This has been done successfully and constitutes the first part
of this paper. The generalization was not straightforward and many new phenomenas appeared due to the anchor. Moreover, as it
happens often in mathematics, during our investigations when studying a special class of para-Kihler Lie algebroids, we came
across a new structure which turned out to be a natural generalization of the notion of pseudo-Hessian manifolds. We will call
it contravariant pseudo-Hessian manifold and some of its remarkable properties constitute the second part of this paper. Let us
give briefly the definition of this structure and some of its properties.

Recall that a pseudo-Hessian manifold is a locally affine manifold (M, D) endowed with a pseudo-Riemannian metric such
that g is locally given by Dd ¢ where ¢ is a function. This is equivalent to S = Dg is totally symmetric. Pseudo-Hessian geometry
is an active domain of research which has many applications in economic theory, in system modeling and optimization as well as
in statistical theory. One can consult [1,22] to find out more about this geometry and its origins. A contravariant pseudo-Hessian
manifold is triple (M, D, h) where (M, D) is a locally affine manifold and 4 is a symmetric bivector field such that the tensor
TeT(®TM) given by T(a,f,7)= Dy, ph(B,y) is totally symmetric, where hy :T*M — TM is given by
p (h#(a)) = h(a, f). When h is invertible, (M ,D, h‘l) is a pseudo-Hessian manifold. There are many similarities between
Poisson manifolds as a generalization of symplectic manifolds and contravariant pseudo-Hessian manifolds as a generalization
of pseudo-Hessian manifolds. Indeed, if (M, D, h) is a contravariant pseudo-Hessian manifold then Im A, is an integrable distri-
bution and defines a singular foliation whose leaves are pseudo-Hessian manifolds. There is an analogue of Darboux—Weinstein
theorem near a regular point (see Theorem 6.11) and D : Q' (M) x Q' (M) — Q' (M) and the bracket [ , ], on Ql(M) given
by

<D, X >=Vyh(a, f+ < V;‘l#(a)ﬂ,X > and [a,flp= Vz#(a)ﬂ - VZ#(ﬂ)a,
satisfy (T*M M, hy, [, ] h) is a Lie algebroid and D is a torsionless flat connection for this Lie algebroid. Moreover, for
any x € M, A, = ker hy(x) carries a natural structure of commutative associative algebra. On the other hand, let (A, .) be a
commutative associative algebra (A, .). Denote by D the canonical affine connection on .A* and define the symmetric bivector
field & on A* by

h(a, B)(u) = < g, a(u)-B(u) >, @, f € Q'(A*) = C¥(A*, A), € A”.

Then (A*, D, h) is a contravariant pseudo-Hessian manifolds and the leaves of the foliation associated to Im Ay are the orbits
of the action @ of (A, +) on A* given by ®(a, u) = exp(L)(u) where L ,(b) = a.b (see Theorem 7.3). Thus the orbits of ® are
pseudo-Hessian manifolds. This gives powerful machinery to build examples of pseudo-Hessian structures. We will show that
the pseudo-Hessian structure of these orbits is not trivial since their Hessian curvature is not zero. We illustrate this result by
considering many examples of associative commutative algebras and we will show the pseudo-Hessian structures of these orbits
are not trivial since their Hessian curvatures are not zero.

We give now the organization of this paper. In Section 2, we recall some basic facts about Lie algebroids and connections
on Lie algebroids. A Lie algebroid with a torsionless and flat connection was called Koszul-Vinberg algebroid in [20] and
left symmetric algebroid in [15]. These algebroids play a central role in the study of para-kéhler Lie algebroids. We adopt
the terminology of left symmetric algebroids as in [15] and we give some of their geometrical properties we will use later. In
Section 3, we start the study of para-Kéhler Lie algebroids and the main result here is Theorem 3.7 which states that a para-
Kéhler Lie algebroid is obtained from two left symmetric algebroids on two dual vector bundles compatible in some sense. In
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Sections 4 and 5, we study exact para-Kihler Lie algebroids and the related notions of S-matrices and quasi-S-matrices on a left
symmetric algebroid. If (M, D) is an affine manifold then (T M, M, D) becomes a left symmetric algebroid and a symmetric
S-matrix on ("M, M, D) defines a contravariant pseudo-Hessian structure on (M, D). Section 6 is devoted to the study of this
new structure. In Section 7, we study linear contravariant pseudo-Hessian manifolds and we give many examples.

Notations: Let A — M be a vector bundle and let F' : A — A be a bundle endomorphism. We denote by I'(A) the space of its
sectionsandby F* : A* — A" the dual endomorphism. Forany X € A, and « € A7, we denote a(X) by < a, X >. We consider
the vector bundle ®(A4) := A @ A* endowed with the two nondegenerate bilinear forms ( , )j, Q, and K, : ®(4A) — P(A)
given by

u+a,v+pf)g=<a,v>+<p,u>,
Qu+a,v+p)=<pfu>—-<av> and Kyu+a)=u-a. (1.1)

Letw € F( A2 A*) which is nondegenerate. We denote by b : A — A* the bundle isomorphism given by b(v) = w(v, .).

2 | LIE ALGEBROIDS, CONNECTIONS, LEVI-CIVITA CONNECTIONS, LEFT
SYMMETRIC ALGEBROIDS AND SYMPLECTIC LIE ALGEBROIDS

Through this paper, we will use some well-known basic notions, namely, anchored bundles, Lie algebroids, connections on
Lie algebroids and symplectic Lie algebroids. In this section, we recall the definitions of these notions, we give some of their
properties and some basic examples. For more details one can consult [6-8,11,18]. We recall the definition of left symmetric
algebroids known also as Koszul-Vinberg algebroids. They are Lie algebroids which will play a central role in the study of
para-Kéhler Lie algebroids. We give some of their properties we will use later.

Lie algebroids and their immediate properties An anchored vector bundle is a triple (A, M, p) where p : A — M is a
vector bundle and p : A — T M is a bundle homomorphism called anchor. An homomorphism between two anchored vector
bundles (A, M, p) and (A’, M, p’) is a bundle homomorphism ¢ : A — A’ such that p = p’ o ¢p. The sum of two anchored
bundles (A, M, p) and (B, M, p') is the anchored bundle (A @ B, M,p & p').

Let (A, M, p) be an anchored vector bundle. A bracket on I'(A) is skew-symmetric R-bilinear map

[, 14 : T(A) XT'(A) — IT'(A).
It is called anchored if for any a, b € I'(A) and for every smooth function f € C®(M),
la, fbl4 = fla,bl4 + p(a)(f)b. (2.1)

By using a classical argument, we can deduce from this relation that [ , ], is local in the sense that if a section a vanishes on
an open set U then for any b € ['(A), [a, b] 4 vanishes on U. The forsion of [, ], is the map 7| 1, - I'A) XT'(A) > X(M)
given by

71,1,(a,b) = p([a, b] 1) — [p(a), p(b)]. (2.2)
T, is R-bilinear, skew-symmetric and, for any f € C®(M),
T[,]A(fa,b) = T[,]A(a,fb) = fT[,]A(a,b).

So T, € 1“(/\2 A*QTM ) In order to study under which conditions [, ], is a Lie bracket, we introduce the Jacobiator of
[, lsasJp, It I'(A) x T'(A) x '(A) — I'(A) given by

Ji 1,(ab,0) = [la, bl c| , + [[b,clana]  + [[c.aly, b ,.

J is R-trilinear and skew-symmetric. Thus [, ], is a Lie bracket if and only if J; ; = 0. However, this equation is not tensorial
and may be very difficult to check in concrete situations. Nevertheless, for any a, b,c € I'(A) and any f € C®(M),

Ji,(ab fo)=fJ ) (abo)+1 ) (ab)(fe 2.3)
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This relation shows that J;  is local and if 7 | vanishes then J; ; becomes a tensor, namely, J; | € F( A AQ TM).
This shows also that if J; | vanishes then 7 ; does. The following proposition is an immediate consequence of (2.3) and
gives us an useful way of checking if an anchored bracket is actually a Lie bracket.

Proposition 2.1. Let (A, M, p) be an anchored bundle and let [ , 14 be an anchored bracket on T'(A). Then the following
assertions are equivalent:

0] (F(A),[ s ]A) is a Lie algebra, i.e., J 4 vanishes identically.
(ii) For any x € M there exists an open set U of M containing x and a basis of sections (a, ..., a,) over U such that

J[,]A(a,-,aj,ak)zO and T(a,-,aj)zO, 1<i<j<k<r.

Definition 2.2. A Lie algebroid is an anchored vector bundle (A, M, p) together with an anchored bracket [ , ], satisfying (i)
or (ii) of Proposition 2.1. A Lie algebroid is called transitive if its anchor map is onto on every point and it is called regular if
the rank of p is constant on M.

There are some well-known properties of a Lie algebroid (A, M,p,[, 14 )

(a) The induced map p : ['(A) — X(M) is a Lie algebras homomorphism.

(b) The smooth distribution Im p is integrable in the sense of Sussmann [24] and, for any leaf L of Im p, (AI L[, 1) isa
transitive Lie algebroid.

(c) For any x € M, there is an induced Lie bracket say [ , ], on g, = ker(p,) C A, which makes it into a finite dimensional
Lie algebra.

(d) Themap d, : ['(AA*) — I'(AA™) by

p
d,0(ay.....a,) = Y. (=)' p(@).0(ay, ...4;.....a,) = Y (~1)"*Q(la.a)l .0y, ... .4, .45, . a,),
i=1

1<i<j<p
is a differential, i.e., di = 0. In particular, for any a, b € I'(A), f € C®(M) and Q € ['(AA¥),

dyf(a) = p(a)(f) and d,Q(a,b) = p(a).0(b) — p(b).0(a) — O([a, b] 4).

These two relations show that there is a correspondence between Lie algebroids structure on (A, M) and differentials on
(AA¥).

(e) The bracket [, ], extends to a new bracket denoted in the same way on the sections of AA=AD ... D ArankA 4 called
generalized Schouten—Nijenhuis bracket. Its properties are the same as those of the usual Schouten—Nijenhuis bracket and
the anchor extends also to give a map p : AA — AT M which preserves Schouten—Nijenhuis brackets. It is important here
to point out that if IT € l“(/\2 A) satisfies [IL, 1], = O then # = p(I) is a Poisson tensor on M.

Some examples of Lie algebroids

1. The basic example of a Lie algebroid over M is the tangent bundle itself, with the identity mapping as anchor.
Every finite dimensional Lie algebra is a Lie algebroid over a one point space.

Any integrable subbundle of T'M is a Lie algebroid with the inclusion as anchor and the induced bracket.

El o

Let (M, r) be a Poisson manifold. The bivector field = defines a bundle homomorphism 7y : T*M — T M and a bracket
on Q' (M) by

[, b1z = Layaf = Laypa — dn(@. f)

such that (T*M, M, zy, [, 1,) is a Lie algebroid.
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5. Letg R X (M) be an action of a finite-dimensional real Lie algebra g on a smooth manifold M, i.e., a morphism of Lie
algebras from g to the Lie algebra of vector fields on M. Consider (A, M,p,[, ] A), where A = M X g as a trivial bundle
and

p((m, &) =1(&)(m) and [Enly = Lyen—Lypé+[Enly, n.&€T(A)=C"(M,g).
By using (ii) of Proposition 2.1, it is easy to check that (A, M,p,[, ]A) is a Lie algebroid.

Connections on Lie algebroids Given a Lie algebroid (A, M,p,[, ] A), an A-connection on a vector bundle £ — M is a
R-bilinear operator V : I'(A) X I'(E) — I'(E) satisfying:

Vies=fV,s and V,(fs)= fV,s+p@)(f)s.

forany a € I'(A), s € I'(E) and f € C*(M). We shall call A-connections on the vector bundle A — M linear A-connections.
The curvature of an A-connection V on E is formally identical to the usual definition

R(a,b)s =V, Vs =V, Vs — V[asb]AS’

where a,b € ['(A) and s € I'(E). The connection V is called flat if R vanishes identically. The dual of V is the A-connection
V* on E* given by

<Via,s >=pla). <a,s>—<a, Vs>, 2.4)

forany a € '(A),s e ['(E),a € ['(E™).
There is a notion of parallel transport associated to an A-connection Vongq : E — M. An A-pathisacurve a : [a,b] — A
such that

Vi € [a,b], pla@t) =c' @),

where ¢ = poa : [a,b] — M. Given an A-path @ : [a, b] — A, we denote by I',(E) the vector space of curves s : [a,b] — E
such that gos = poa. The connection V defines a unique derivative V* : ' (E) — I',(E) and a parallel transport
Ty o Ecq) = Ep given by 7,(s;) = s(a) where s € I' ,(E) is uniquely determined by V*s = 0 and s(a) = s;.

The canonical connection on the adjoint bundle Let (A, M,p,[, ] A) be a Lie algebroid such that p has a constant rank

over M. Then the adjoint bundle g = ker p — M is a vector bundle of Lie algebras. Define V9 : T'(A) X I'(g) — I'(g) by
Vis =[a,s],. (2.5)
This defines a A-connection on g satisfying, for any a, b € I'(A), s, s, € I'(g),
RV (a,)=0 and Vi[s;,s514 = [V3s;, 5], + [51. Visy) . (2.6)

for any a € I'(A) and s, s, € I'(g). For any x,y € M lying in the same leaf of the characteristic foliation, there exists an
A-path a : [a,b] — A such that poa(a) = x and po a(b) = y. The second relation in (2.6) shows that the parallel transport
Ty © 8y — @y, 1s an isomorphism of Lie algebras.
The Levi-Civita connection of a pseudo-Riemannian Lie algebroid A pseudo-Riemannian metric of signature (p, g) on a
Lie algebroid (A, M,p,[, ] A) is the data, for any x € M, of a nondegenerate product ( , ), of signature (p, g) on the fiber A,
such that, for any local sections a, b of A, the function (a, b) is smooth. A Lie algebroid with a pseudo-Riemannian metric is
called pseudo-Riemannian Lie algebroid.

The most interesting fact about pseudo-Riemannian Lie algebroids is the existence on the analogous of the Levi—Civita
connection. Indeed, if ( , ) is a pseudo-Riemannian metric on a Lie algebroid (A, M,p,[,] A) then the formula

2V, b, c) = pla).(b,c) + p(b).{a,c) — p(c).{a, b) + ([c,al 4, b) + ([c, bl4,a) + ([a, bl 4, c)

defines a linear A-connection which is characterized by the two following properties:
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(i) V ismetric, i.e., p(a).{b,c) = (V, b,c) + (b,V ),

(ii) Vis torsion free, ie., V,b — V,ya =[a, bl 4.

We call V the Levi-Civita A-connection associated to (, ). Moreover, (, ) and p define a symmetric bivector field
hel(TM ® TM) by

h(a, p) = (#0 p*(a).#0 p"(p)) =< P.po#op™(a) =< a,po#op(p) >, 2.7
where # : A* — A is the isomorphism associated to (, ). The following relations are easy to check:
gi =#0p"(T'M), g, N gi =#op*(kerh,) and kerp® Ckerh,, x € M, g, =kerp,.
These relations show that A, is nondegenerate if and only if g, is { , )-nondegenerate and p, is onto.

Symplectic Lie algebroids A symplectic form on a Lie algebroid (A, M,p,[, ] A) is a bilinear skew-symmetric nondegen-
erate form w € F( A2 A*) such that, for any a, b, c € T'(A),

d,w(a, b, c) := pla).o(d,c) + p(b).w(c,a) + p(c).w(a, b) — w([a, bl 4, c) — w([b, cl 4, a) — w([c,al 4, b) = 0.

We call (A, M,p,[, 14, a)) a symplectic Lie algebroid. There is a natural Poisson structure on M associated to
(A’ M,P»[ s ]A3a))'
Proposition 2.3. Let (A, M,p, [, 14, a)) be a symplectic Lie algebroid and leth : A — A*, a— w(a,.). Then the bivector field
z given, for any a, p € Q'(M), by

(@, f) = w(b" 0 p*(a),b7 0 p*(B)) =< f.pob™ 0 p*(a) >, (2.8)

is a Poisson tensor. Moreover, b~' o p* : T*M — A is a Lie algebroid homomorphism, where T* M is endowed with the Lie
algebroid structure associated to r.

Proof. Tt is standard and one can see for instance [6]. |

Let (A, M,p, [, 14, a)) be a symplectic Lie algebroid, as in the case of a pseudo-Riemannian Lie algebroid, we have
g =b""op*"(T*M), g, ng” =b""op*(kern,) and kerp* Ckerz,, x € M, g, =kerp,, (2.9)

where gf is the orthogonal of g, with respect to w. These relations show that z, is invertible if and only if g, is w-nondegenerate
and p is onto.

Left symmetric algebroids Left symmetric algebroids appeared first in [20] as Koszul-Vinberg algebroids were studied in
more details in [15].

Let (A,M,p) be an anchored vector bundle. A right-anchored product on (A, M,p) is R-bilinear map
T : T'(A) XxT'(A) — I'(A) such that, for any a, b € I'(A) and any f € C®(M),

Tib=fT,b and T,(fb)= fT,b+ pla)(f)b. (2.10)
To T we associate the anchored bracket [a, bl = T,b — Tya. The curvature of T is the R-trilinear map
R" : T(A) XT(A) XT(A) = ['(A) givenby R'(a,b)c = [T,, Tylc — Ty, c.

The curvature RT satisfies, for any a,b,c € I'(A),

R (a,b)c = —RT (b, a)c,
RT(fa,b)c = R"(a, fb)c = fR (a, b)c, 2.11)
RT(a,b)fc = fRT (a,b)c + T, ]T(a, b)(f)c,
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and the Bianchi's identity
R"(a,b)c + R"(b,c)a+ R"(c,a)b = J; | (a,b,c). (2.12)
From theses relations we deduce that RT is local and T is called Lie-admissible if [ , 17 induces a Lie algebroid structure
on (A, M, p).

Remark2.4. We preferred to distinguish between A-connections which are defined on Lie algebroids and right-anchored products
which are defined over anchored bundles not yet a Lie algebroid.

The following proposition follows easily from Proposition 2.1 and (2.12).

Proposition 2.5. Let (A, M, p) be an anchored bundle and let T be a right-anchored product on T'(A). Then T is Lie-admissible
if and only for any x € M there exists an open set U of M containing x and a basis of sections (ay, ... ,a,) over U such that

RT(ai,aj)ak+RT(aj,ak)a,~ +RT(ak,a,-)aj =0 and T[,]T(ai,aj) =0, 1<i<j<k<r

The following proposition is a consequence of (2.11).

Proposition 2.6. Ler (A, M, p) be an anchored bundle and let T be a right-anchored product on T'(A). Then the following
assertions are equivalent.

() The curvature RT vanishes identically.

(ii) For any x € M there exists an open set U of M containing x and a basis of sections (ay, ..., a,) over U such that

RT(a,,aj)akzo and T[’]T(a,,aj):o, 1<i<j<r,1<k<r.

Definition 2.7. A left symmetric algebroid is an anchored bundle (A, M, p) together with a right-anchored product T satisfying
(i) or (ii) of Proposition 2.6.

It is obvious that if (A, M, p, T) is a left symmetric algebroid then (A, M,p,[, ]T) is a Lie algebroid.
Remark 2.8.

1. Aright-anchored product is Lie-admissible if the Jacobiator of the associated anchored bracket vanishes. Proposition 2.5 gives
a subtle way of checking the Lie-admissibility. We will use it in a crucial way in the study of para-Kihler Lie algebroids.

2. A left symmetric algebroid is an anchored bundle with a right-anchored product whose curvature vanishes. However, it is
important to keep in mind that the vanishing of the curvature is not a tensorial equation and (ii) of Proposition 2.6 could be
very useful in concrete situations.

Some examples of left symmetric algebroids

1. Any left symmetric algebra is obviously a left symmetric algebroid.

2. Let M be a smooth manifold. A right-anchored product on (T'M, M, id,,) is just a linear connection, a Lie-admissible right-
anchored producton (T'M, M, idy,,) is just a torsion-free linear connection and a left symmetric producton (T'M, M, id,,)
is just a flat linear connection.

3. Let (.S,.) be a left symmetric algebra, i.e, for any a, b,c € S,
assoc(a, b, ¢) = assoc(b, a, ¢),

where assoc(a, b, ¢) = (a.b).c — a.(b.c). It is know that [a, b] = a.b — b.a is a Lie bracketon A. Let 7 : .S — X (M) an action
of (S,[, ]) on a smooth manifold M. Consider the anchored bundle (A, M, p) where A is the trivial bundle M X S and
p(m, a) = 7(a)(m). Define on I'(A) = C*(M, .S) the product T' by

TS1S2 = [:p(Sl)sz + NELE
By using (ii) of Proposition 2.6, it is easy to check that (A, M, p,T) is a left symmetric algebroid. This example has been
given in [15].
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r
4. Let g — X (M) be an action of a finite-dimensional real Lie algebra g on a smooth manifold M, i.e., a morphism of Lie
algebras from g to the Lie algebra of vector fields on M. Let r € A%g be a solution of the classical Yang—Baxter equation,
i.e.,

[r,r] =0,
where [r,r] € g A g A g is defined by

[r.rl(a, B.y) = a([r(B), r(n)D) + B([r(y), r(@)]) + y([r(a), r(H)D.

and r : ¢ — g denotes also the linear map given by a(r(f)) = r(a, ). We denote by z" the Poisson tensor on M image of
rby I'. Write

r= Z au; Au;
i.j
and put, for a, f € Q' (M),
D= Z a;a(U)Ly, b,
i,j
where U; = T'(;). We get a map D" : Q'(M) x Q' (M) — Q'(M) which is a a right-anchored product on (T*M, M, z}).
It was proved in [5] that D" is Lie-admissible and left symmetric.

We finish this section by an useful lemma.

Lemma 2.9. Let (A, M, p,T) be a left symmetric algebroid such that p(a) = 0 implies T, = 0. Then, for any regular point
m € M and a € A,, there exist an open set U around m and s € T(U) such that, for any s' € T(U), Tys = 0 and s(m) = a.

Proof. Denote by g the rank of p at m. According to the local splitting theorem near a regular point (see [11] Theorem 1.1),
there exists a coordinates system (xl sees Xgy Visenes yn_q) around m and a basis of sections (al s a,) of A such that

P(ai)=ax,., i=1,..,q,
pa)=0,i=q+1,....r,
r

@), = Y Ca,

u=q+1

PutT,a; =3 _ T}a, Welookfors=3"_, f;a; satisfying Ts = 0 and s(m) = }3_, a)a;. Since by assumption T, = 0 for
i=q+1,...,r, this is equivalent to
of; d

—=—qul"{u and fj(m)=a5.), i=1...,q,j=1,...,r (2.13)
0x; ~

We think of the y; as parameters and we consider a : RY — Rand, fori =1,...,q, F; : RI X R" — R’, given by

r

a(xp,onxy) = (/1Y) f(x,))  and F,.(x,z)=—<zzur{u(x,y)>
u=1

j=1
Thus (2.13) is equivalent to

da
o, = Filr.ao),

According to a well-known theorem (see [23] pp.187) these system of differential equations has solutions if

oF. OF. " OF. " OF

L 1 _Jpu_ L pu Lo

ox;, 0Xx: +Zaz F; Zaz Fj =0, i,j=1,...,q.
! J o ou=1 u =1 %%u

Or, one can check easily by using that Tj, a) = 0 that this condition is equivalent to the vanishing of the curvature. |
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3 | PARA-KAHLER LIE ALGEBROIDS

In this section, we give the definition of a para-Kéhler Lie algebroid, its basic properties, a characterization of a such structure
and some examples.

Definition of para-Kéhler Lie algebroid and its immediate consequences Let (A, M,p,[, ] A) be a Lie algebroid. The
Nijenhuis torsion of a bundle homomorphism H : A — A is given by

Ny (a,b) :=[Ha, Hb], — H[Ha,b], — H[a, Hb] , + H*[a,b] . 3.1)

for any a, b € T'(A).
The following proposition is a generalization of a well-known fact in differential geometry (see Proposition 4.2 p. 148 [13]).
It can be used to give quickly the two equivalent definitions of para-Kihler Lie algebroids established in [17].

Proposition 3.1. Let (A, M, p,{, )) be a pseudo-Riemannian Lie algebroid and let K : A — A be a skew-symmetric bundle
endomorphism such that K* = id 4- Define Q by Q(a, b) = (Ka, b). Then the following assertions are equivalent:

() dy,Q=0and Nx =0.

(i) VK =0, where V is the Levi-Civita A-connection associated to { , ).
Proof. We have, for any a, b,c € T'(A),
d,Q(a,b,c) = (V (K)b,c) +(V,(K)c,a) + (V.(K)a,b),
d,8(a,Kb,Kc) = (V(K)Kb,Kc) + (Vi (K)Kc, a) + (Vi .(K)a, Kb),
(N (e, Kb),a) = (Vg (K)KD),a) — (V,(K)(c),a) + (V .(K)(b), a) — (V,(K)(Kc), a),
where V,(K)b =V ,(Kb) — K(V ,b). These relations show that (ii) implies (i). Moreover, K is skew-symmetric and hence

(V,(K)b, c) + (V (K)c, by = 0.

Thus
d,Qa,b,c)+d,Qa, Kb, Kc) + (Ng(c, Kb),a) = (V (K)b,c) + (V (K)Kb, Kc).
Now
(V(K)Kb,Kc) =(V,b,Kc) —(KV,Kb,Kc,) =(V,Kb,c,) —(KV,b,c) =(V (K)b,c).
Finally,
2V (K)b,c) =d,Q(a,b,c) +d4Q(a, Kb, Kc) + (Ng(c, Kb), a)
and the proposition follows. O

Definition 3.2. A para-Kiihler Lie algebroid is a pseudo-Riemannian Lie algebroid (A, M,p,(, )) endowed with a bundle
isomorphism K : A — A satisfying K> = Id,, K is skew-symmetric with respect to { , ) and VK = 0, where V is the Levi—
Civita A-connection of (, ).

A para-Kihler Lie algebroid (A, M,p,{, ), K ) carries a natural bilinear skew-symmetric nondegenerate form Q defined
by Qg (a, b) = (Ka, b). The following proposition is an immediate consequence of Definition 3.2 and Proposition 3.1.

Proposition 3.3. Let (A, M,p,{, ), K ) be para-Kdhler Lie algebroid and let V be its Levi—Civita A-connection. Then:
(i) (A, M, p,K) is a para-complex Lie algebroid, i.e., K> =1d,, Ny =0 and, for any x € M, dimker(K +1d,)(x) =
dimker(K —Id 4)(x).
(i) (A, M, p, Q) is a symplectic Lie algebroid and hence = = p(I1) is a Poisson tensor on M, where 11 is the inverse of Q.
(ili) A= A" @ A~ where AT =ker(K —1d,) and A~ = ker(K +Id,).
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(iv) At and A~ are isotropic with respect to {, ) and Lagrangian with respect to Q.
(v) forany a € T(A), V,(I'(A")) cT(A") and V ,(I'(A7)) c T'(A").

The following proposition is the first important property of para-Kéhler Lie algebroids.
Proposition 3.4. Let (A, M, p,{ , ),K) be a para-Kiihler Lie algebroid then, for any a*,b™ € I(A%), a,b~ € (A7),
R@™,b") =R ,b7)=0 and R(at,a")b" — R(b,a )at =Ra,a" )b — R(b",a)a =0,

where R is the curvature of the Levi—Civita connection V. In particular, for € = +, the restriction of V to A° induces on
(Af, M, p, Ae) a left symmetric algebroid structure.

Proof. According to Bianchi's identity (2.12)
R(a", b )a” + R(b',a7)at + R(a”,a")bt = 0.
Since VI'(A¢) C T(A®) we get R(at,bt)a” € (A7) and R(b*,a")a™ + R(a”,at)bt € T'(A*) and hence
R(a*,bM)a” = R(b*, a7 )at + R(a”,a")bt = 0.
Now, for any c* € T'(AY),
(R@a®,bHa ", ¢ty = —(a~,R@a", b)) = 0.
So R(a*,b*) = 0. In the same way we can show that R(a~,b~) =0 and R(b~,a")a” + R(a*,a )b~ = 0. This completes

the proof. O

Description of para-Kéhler Lie algebroids Let (A, M,p,(, ),K) be a para-Kdhler Lie algebroid. As an anchored
bundle, (A, M,p) = (AT DA™, M,p" @ p~) where p¢ = piac- The map b: A” — (AM)*, a a*, where a* is given by
< a*, b > = (a, b), realizes a bundle isomorphism between A~ and (A¥)*. According to Proposition 3.4, the restriction of the
Levi—Civita connection V to A™ say S induces on (A*, M, p™) a structure of left symmetric algebroid. The same thing happens
for A~ and by the identification above we get a left symmetric right-anchored product T on ((A*)*, M, p,) where p; = pob~!.
Thus we can identify (A, M,p,(, ), K) with (d)(A+), pt®p,(, )oss Ko) (see (1.1)) and, under this identification, the Levi—
Civita connection VY is entirely determined by .S and T'. Namely, for any a, b € T'(A™) and u, v € T'((A1)*), we have

Vo =58,b, Voo=T,w, Vou=S'u and Vla=Tra,

where S* and T* are the dual of S and T given by (2.4). Moreover, since p™ @ p; : I'(®(A1)) — T M is a Lie algebra homo-
morphism, we have

[p"(@). p* (B)] = p* (S, = Spa), [py W), py ()] = py (T,0 — T,u)
and [p*(a),py)] = p,(SFu) = p™ (T a), Va,beT(AY), Yu,v eT(AD)".

How to build a para-Kiihler Lie algebroid from two left symmetric algebroid structures on two dual vector bundles Let
(B, M, py,S) and (B*, M, p;,T) be two left symmetric algebroids. We extend the right-anchored products on (B, M, p,) and
(B*, M, py) to (®(B), M, py ® p,) by putting, for any X,Y € I'(B) and for any «, f € I'(B*),

Vs X + ) =SxY +T;Y + Sy +T,p. (3.2)
The anchored bracket associated to V is given by
[X +a,Y +fl,=[X,Y]g +[a, flp- +T;Y—T;X+ SYB— Sya. (3.3)

We endow also ®(B) with Ky and ( , ), given by (1.1).

The question now is under which conditions that V is Lie-admissible or equivalently [, ], is a Lie bracket. It is a crucial
step in our study and we will use Proposition 2.5 to get an answer which will turn out to be very useful, particularly, in the next
section.
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Proposition 3.5. With the hypothesis above, the following assertions are equivalent:

(i) The right-anchored product on (®(B), M, py @ p,) given by (3.2) is Lie-admissible.
(i) Forany X,Y € I'(B) and a, p € T'(B*),

RV(X,a)Y = RV(Y,a)X and RY(a,X)p =R (B, X)a. (3.4)

(ili) For any x € M there exists an open set U containing x and a basis of sections (ay, ..., a,) of B over U such that, for any
1 <i,j,k<n,

RY (a,», ak)aj =R (aj, ak)ai,
Rv(ai,ak)aj =RY (aj,ak)ai and [po(a,-),pl (aj)] =p <S:,.aj> - pO(T;;ai>, (3.5)
where (@, ..., a,) is the dual basis of (a|, ... ,a,) and RY is the curvature of V.
Proof. Itis a consequence of Proposition 2.5 and the facts that
RYX.Y)=0, R'(@.p) =0, 7 |,(X.Y)=7 | (a.f))=0
and
73, (X.@) = py (Sya) = po (T X) = [p(X). py ()]

forany X,Y € I'(B) and a, § € T'(B*). O
The equations (3.4) are the same equations defining left symmetric bialgebroids in [16].

Definition 3.6. Two left symmetric algebroids (B, M, p,, S) and (B*, M, p;,T) satisfying (3.4) or (3.5) will be called Lie-
extendible or compatible.

Thus we get the following result.

Theorem 3.7. Let (B, M, S, py) and (B*, M, T, p,) be two Lie-extendible left symmetric algebroids.
Then (CI)(B), M,po® pi,{, )o» Ko) endowed with the Lie algebroid bracket given by (3.3) is a para-Kdhler Lie algebroid.
Moreover, all para-Kdhler Lie algebroids are obtained in this way.

A subtlety of compatible left symmetric algebroids The compatibility between two left symmetric algebroids has a subtle
property we will point out now.

Let (B, M, py,S) and (B*, M, p;,T) be two left symmetric algebroids. They are compatible if (3.4) holds. Note first that, for
any X,Y € I'(B) and a, § € I'(B*),

RY(X, @)Y =[Sy, Ti|Y + Spax¥Y =T Y
« X
and RY(a,X)B = [T,.S;]|B+ Ty ol = S;; P (3.6)

On the other hand, Equation (3.4) is not tensorial and it is equivalent to the vanishing of the Jacobiator of the bracket [, ],
given by (3.3). We have seen that the vanishing of the Jacobiator implies the vanishing of the torsion. Let compute the torsion
of [, ]4,. Since the torsions of [ , ]g and [, ]y vanish, we have for any X,Y € I'(B), a, f € I'(B*),

T[,]¢(X,Y) =0 and T[’]d)(a,ﬁ) =0.
Moreover,

tor(X.@) =1 1, (X.0) = [p(X), p1 (@] = py (Sxa) + po (T, X). (3.7
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Then 7; Iy = 0 if and only if the tensor field 757 € I'(B* ® B ® T'M) vanishes. By using Bianchi's identity, we get for any
X,Y €eI'(B) and a, § € I'(B*),

RY(X,0)Y = RV(Y, )X = J; | 1,(X.2.Y) and RY(a, X)B = RV (B, X)a = J | 1, X ).

Thus if 75 ;- vanishes then p) @ p; is a Lie algebras homomorphism and hence py @ p;(J| ]¢) = 0. So we get from Bianchi's
identity that

po(RV(X,2)Y) = po(RV(Y,)X) and p,(R"(a, X)) = p;(R" (B, X)a). (3.8)

So we get the following proposition.

Proposition 3.8. Let (B, M, p,, S) and (B*, M, p;, T) be two left symmetric algebroid structures. Then the following assertions
hold:

(i) If py and p, are injective then (B, M, S, py) and (B*, M, T, py) are Lie-extendible if and only if tg 1 = 0.
(ii) If pg is injective then the two left symmetric structures are Lie-extendible if and only if, for any X € I'(B) and a, p € I'(B*),

RY(a,X)p=R"(f, X)a and 74y =0.
(iii) If p, is an isomorphism and the two left symmetric structures are Lie-extendible then, for any X € I'(B) and a € I'(B*),
T:X =s(Sya) —[X,s(a)]p,
where s = pal op, : B*— B.

The general case of (iii) in the proposition above will be studied in the next section devoted to the notion of exact para-Kéhler
Lie algebroids which generalizes the notion of exact para-Kihler Lie algebras introduced in [2] and studied in more details in [3].

It is important to point out that two compatible left symmetric algebroids give rise to a symmetric bivector field and a Poisson
structure on the underlying manifold. Indeed, if (B, M, S, p,) and (B*, M, T, p;) are two Lie-extendible left symmetric alge-
broids then (®(B), M, py ® p;, Q) is a para-Kéhler Lie algebroid and hence there exists a symmetric bivector field 4 and a
Poisson tensor 7 on M given by (2.7) and (2.8), respectively. One can see easily that hy, 7y : T*M — T M associated to & and
« are given by

/’l#=plop;+poop’lk and ”#=/’1°P$—P0°PT- (3.9

Example 3.9. Let (A, M, S, p) be aleft symmetric algebroid. Then the left symmetric product on A and the trivial left symmetric
product on A* together with the trivial anchor are Lie-extendible so ((D(A), M,p®0,(, ) KO) endowed with the Lie algebra
bracket associated to the left symmetric product

Vo aY +8) = SxY + .S58 (3.10)
is a para-Kihler Lie algebra. We denote by [ , ]> the Lie bracket associated to V°. We have

[X +a,Y + " = [X,Y]+ S, - Sia.

Moreover, it is easy to check that (®(A),[, 17,(, )o) is a flat pseudo-Riemannian Lie algebroid and (®(A), M, [, 1>,Q) is
a symplectic Lie algebroid and € is parallel with respect to VO,

4 | EXACT PARA-KAHLER LIE ALGEBROIDS

In this section, we introduce the notion of exact para-Kdhler Lie algebroids which generalizes exact para-Kéhler Lie algebras
introduced in [2] and studied in more details in [3].
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Let (A, M, p, S) be a left symmetric algebroid,r € ['(A ® A) andr = a + 3 the decomposition of r into skew-symmetric and
symmetric part. We denote by ry, : A* — A the bundle homomorphism given by f(ry(a)) = r(a, f). Put p, = p o1y and, for any
a,p €T (A*) and X € T'(A),

<T,B.X >:=p(X).xr(a, p) —r(Sya, ) —r(a, Sy B)+ < Sy b X == Syr(a, )+ < S;;(a)ﬁ,x > . 4.1)

Ty

It is clear that T is a right-anchored product on (A*, M, pr). Let V be the extension of .S and T" on (®(A), M, p @ p,) given by
(3.2).

Problem 4.1. Under which conditions on (A, M, p,r), is (A*, M, p,.,T) a left symmetric algebroid with (A, M, p, S) and
(A*, M, p,, T) being compatible?

Recall that (A*, M, p,, T) is a left symmetric algebroid with (4, M, p, S) and (A*, M, p,, T) being compatible if and only if
of the curvature of T vanishes and, for any a, f € I'(4%), X, Y € I'(A),

R'(X,2)Y =RV(Y,a)X and RY(a,X)B=R"(S, X)a.

Remark first that if the curvature of T vanishes then T is Lie-admissible and hence p, : I'(A*) — X(M) is a Lie algebra
homomorphism, i.e., p.([a, flr) = [p,(@), p,(B)]. This can be written

p(A(r)(a, §)) =0, 4.2)
where
A(r)(a, B) = 14([a, Bl7) — [ru(@), tu(P)] . 4.3)

We have A(r) e I'(A ® A ® A) and Equation (4.2) is tensorial. The following theorem gives an answer to Problem 4.1.

Theorem 4.2. Let (A, M, p,S) be a left symmetric algebroid and let r = a+ 3 €'(A® A). Then (A*, M, p,,T) is a left
symmetric algebroid with (A, M, p, S) and (A*, M, p,., T) being compatible if and only if, for any a, f € I'(A*) and X € I'(A),

poA(r) =0, S?a=0

and  QxA(r)(a,p) :=[X,A(r)(a, P)ls — A(r)(Sya, B) — A(r)(a, Sy B) =0. 4.4)

Before proving this theorem, let us give some clarifications on (4.4). First, note that Sa and S”a are given by
Sxa(a, ) = p(X).a(a, f) — a(Sya, ) —a(e, Sy ) and S)zm,a = SySya—Ss ya.

The second point is that the quantity O y A(r)(a, f) is tensorial with respect to a and f, it is not tensorial with respect to X.
However, when p o A(r) = 0 then it becomes tensorial with respect to X and hence the last equation in (4.4) is tensorial. The
proof of Theorem 4.2 is a consequence of the following lemma.

Lemma 4.3. Let (A, M, p, S) be a left symmetric algebroid and letr = a + 8 € ['(A ® A). With the notations above, we have,
forany X,Y € A and for any a,f,y € A*

RV(X,a)Y = RY(Y, @)X, < RY(2,X)p— R"(B, X)a.Y >=-25% ,a(a,f) and
< R'(a.p)y. X > = —p(A(r)(@. B)). < v. X > — <7, [X, A()(@. )]s > + <7, A()(Sya. B) >
+ <7, A0)(a, S5 8) > +2S§’§#(y)a(a, B — 2S)2(’a#(y)a(a, B).
Proof. Note first that a direct computation using (4.1) gives, for any X € I'(A),a € I'(4¥),

T; X =ry(Sya) + [ru(a), X] . (4.5)
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On the other hand, recall from (3.6) that RV (X, a) = [SX, T;] + ST:X - TS** o So by using (4.5) we get

X
RY(X, Q)Y = Syry(S;a) + Sy [ry(@), Y] 5 - r#(S§XYa> — [ra(@), Sx Y]
+Sis10Y + Si@.xgY — 1 (SySya) = [ry(Ska). Y]
= [Xora(Sy)] s + Sy 550X + Sy [ra(@), Y] g = 1o (85 ) = @), Sx Y]
+ S5t + Si.xigY —1s(SySya) = [r(Sya). Y] g

= [X.rg(Sya)] g + [Yore(Sya) | g + Spisz + SeyisinX + [X. [ra(0). Y]

(S5 v+ SySya) = 0@, Sy Y] 5 + iy Y + Sy, X-

So

RV(X,a)Y = RV (Y, )X = r#<(RS v, X))*a> + (@ 1Y, X1 g + [X. [re(@). Y] ] ¢ + [Y. [X.rp(@)] | 5 = O.
This shows the first relation.

We have from (3.6) that RV (a, X) = [T, S5 | + Tyiq— S, - By using (4.1) and (4.5), we get

<RY(a, X)B,Y > = < T,SyB.Y > — < SyT,p,Y >+ < Ty oY > =< S;;Xﬂ,Y >
= Syr(a, Sy B)+ < S @SxBY > =p(X). <T,p.Y > + <T,p.SxY >
+Syr(Sya, p)+ < S;(S;a)/},Y >— < S;(S;a)/i,Y >— < S[*r#(a)’xjsﬁ,Y >
= Syr(a, SYp) + Syr(Sya. f)+ < S SyB.Y > —p(X).Syr(a. f)

—p(X). < 7 B Y > +Ss, v 1@ B+ < S] B SxY > = <S) 1 BY >

= —p(X).Syr(a, ) + Syr(a, Sy p) + Syr(Sya. f) + Ss, yr(a, )
= —SxSyr(a, p) + Sg, yr(a, p),

and the second relation follows fromr = 8 + a.
Let us compute the curvature of 7. Remark first that from (4.1) we can derive easily that

<la.plp, X >:=<T,f - Tha, X > =< S;(a)ﬂ - S;‘;(ﬂ)a, X > +2Sya(a, f). (4.6)

By using (4.5) once more, we get
<T,Tgy, X > =p(a). <Tpy, X > - <Tyy, T; X >
=p(@)op.(B). <y, X > —p.(a). < y,T;X >=p(B). <y, T;X >+ < y,Tﬁ*T:X >

= 0 @0 5B < 1. X > =p@. < 1. T X > =p (). < 1T X =+ < 1my (57 . 1 B) >

r#(S;‘(a)
+ <7 [ry By (Sha)] > + < y,r#<S[*r#(a),X]Sﬂ> =+ < 7, [64(B), [ra(0), X1 5] s >

= p(@) o p(B). <y. X > —p(a). <y. Ty X > —p,(B). <y.T; X >
+ < y,r#<S;(S;a)ﬁ> >+ <7, A0 (Sya, f) > + < y.1ry([B. Syl ) >

<1 1(St ) = + < 1[0 @), Xl >,
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< T p, 7> X > =p ([, flp). <7, X > — <y,T wfly X >
= p([a, lp). < ¥, X > = <y, 14 (Sxla. Bly) > — < 7. [t Blp), X > .
By using the Jacobi identity for X, ru(a), rs(f), we get
< R'(a,p)y, X > = =p(A(r)(@, B). < 1, X > — <7,[X, A(")(@, P)ls > + < v, A(r)(Sya, f) >
+ <7, A0 (a, S5B) >+ < 0,8(y) > — < Q,a(y) >,
where

% % % s %
0=S5 4(S%, ol =S, (s* pET [ﬁ’ SXa]T - [“’ Sxﬁ] + Sr#(a) X]gﬂ S[r#(ﬂ) X F Syla, flr.

Now, by using (4.6) and the fact that the curvature of .S vanishes, we get

<O.Y>=<S;,SvaY >-<S S BY >+2Sya(f, Sya) —2Sya(a. SYp)+ < i)y Y >
=< S px &Y > +p(X). <la, Iy, Y > = <[a, flr, SxY >

= -2Sya(Sya.p) —2Sya(a, Syp)+ < Sy S L p®Y - - < SyS ( BY > +p(X). < r";(a)ﬁ,Y >

—p(X). < S} @Y > +2p(X).Sya(@, f)= < S}, B. Sx¥ > +< S

" @ SxY > =285 ya(@,p)

=257 ya(a, ).

So we get the lemma. O

Corollary 4.4. Let (A, M,p,S) be a left symmetric algebroid such that p is into and let r =a+ 3 €[(AQ® A). Then
(A*, M,p,, T) is a left symmetric algebroid with (A, M, p, S) and (A*, M,p,, T) being compatible if and only if
A(r)=0 and S*a=0.

Let (A, M, p, S) be a left symmetric algebroid and r = a + 8 € I'(A @ A) satisfying (4.4). Then (A*, M,p,,T) is a left
symmetric algebroid compatible with (A, M, p, S). According to Theorem 3.7, (CD(A), M,p® pr) carries a para-Kihler Lie
algebroid structure which will be called exact. This induces on M a symmetric bivector and a Poisson tensor which, by virtue
of (3.9), are given by

h(a, p) = 28(p" (@), p*(f)) and z(a,p) = 2a(p"(a), p*(B)). 4.7)

Example 4.5. Let (A, M, p, S) be a left symmetric algebroid andr = a + 8 € I'(A ® A) which is .S-parallel, i.e., St = 0. Then
Sa = 0 and it is easy to check that A(r) = 0. Thus r satisfies (4.4).

5 | PARA-KAHLER LIE ALGEBROIDS ASSOCIATED TO QUASI S-MATRICES
In this section, we study a class of exact para-Kihler Lie algebroids associated to a kind of solutions of (4.4) we will call quasi
S-matrices using the same terminology used in the context of para-Kihler Lie algebras in [3].
Definition 5.1. A quasi S-matrix of a left symmetric algebroid (A, M,p,S)isar=a+ 8 € '(A® A) such that, for any
a,p eT(A*) and X € I'(A),

poA(r)=0, Sa=0 and QxA()(a pf) :=[X,A(r)(a f)l - AC)(Sya,B) — A()(a, Sy ) = 0.

The particular case when r is symmetric and A(r) = 0 has been considered in [16].
In what follows, we focus our attention on the para-Kihler Lie algebroid structure on ®(A) associated to a quasi S-matrix.
We show that the Lie algebroid structure can be described in a precise and simple way. Indeed, let r be a quasi S-matrix. Then,
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according to Theorem 4.2, the right-anchored product T on A* given by (4.1) is left symmetric and
((I)(A),[ e+ 0000 Do Ko) is a para-Kihler Lie algebroid, where

(X +a,Y+p] = [X,Y]S+S;ﬁ+T:Y—S;a—T;X+[a,ﬁ]T.

We have shown in Example 3.9 that ®(A) carries a left symmetric product V° and its associated Lie bracket [ , > induces on
@(A) a para-Kihler Lie algebroid structure. We define a new bracket on ®(A) by putting

X +a,Y+p1"" =[X+aY +p1” +AC)a, p). 5.1

Proposition 5.2. (d>(A), [, 1> p+ 0) is a Lie algebroid and the linear map
£ (DAL, 177, p+0) = (DAL, 1 p+p ). X+a X —ry(a) + @

is an isomorphism of Lie algebroids.

Proof. Clearly € is bijective. Let us show that & preserves the Lie brackets. It is clear that, for any X,Y € I'(A), & ([X R Y]'>”) =
[E(X),E(Y)]". Now, for any X € I'(A), «a € ['(A™),

§(IX,a1™") = &(Sya)
= —1y(Sya) + Sya

4.5) 3
= -TIX - [X.ry(0)] ¢ + Sya

[X,—ry(@) +a]”

[£(X), é()]".

On the other hand, for any «, f € T'(A¥),

([, p17)
[E@@), EB)T

EA@)a, f) = Ar)(a, f),
[-r4(a) + @, —14(8) + B

[t4(0). 15(B)] g + L. B = 87 B+ 8] gy = T 1u(B) + Ty ry(@)

2 @) - r#<S;;(ﬂ)a> + r#(S;:(a),B> + [t (@) = [r(@) (D)
ry(la, flr) = [p(@), i4(B)]
A(r)(a, §).

O

We can now transport the para-Kéhler structure associated to r from (<1>(A), [, 1.0, Y Ko) to ®(A) via & and we get the
following proposition.

Proposition 5.3. Ler (A, M, p,S) be a left symmetric algebroid and let r = a+ 3 € I'(A ® A) be a quasi S-matrix. Then
((I)(A), [, 17", p+0,(, ), K,) is a para-Kdhler Lie algebroid, where

(X+a,Y+p),=<a,Y>+<p,X>-238a,p) and K.(X+a)=X—a—2rya).

6 | SYMMETRIC QUASI S-MATRICES ON AFFINE MANIFOLDS AND
CONTRAVARIANT PSEUDO-HESSIAN STRUCTURES

In this section, we study symmetric quasi S-matrices on the left symmetric algebroid (TM , M, Idr,,, V) associated to an
affine manifold (M, V). This leads naturally to a new structure we call contravariant pseudo-Hessian structure. There are many
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similarities between Poisson manifolds as a generalization of symplectic manifolds and contravariant pseudo-Hessian manifolds
as a generalization of pseudo-Hessian manifolds and we show some of these similarities.

Symmetric quasi S-matrices on affine manifolds

Let (M, V) be an affine manifold, i.e., a manifold endowed with a torsionless flat connection. Then (TM M, Idp,,, V) is a
left symmetric algebroid and according to Definition 5.1, a symmetric quasi S-matrix on (TM , M, Idp,,, V) is a symmetric
bivector field 2 on M such that A(h) = 0. Let's study this equation more carefully. We denote by D the right-anchored product
on (T*M, M, hy) associated to h. According to (4.1), we have for any a, f € Q!(M) and X € X(M),

< DB, X >=Vyh(a,py+ <V} X > and [aflp=V} b=V ,a 6.1)

Proposition 6.1. We have, for any a, f,y € Q' (M),
<y, AW, p) > =V, phla,y) =V, h(B,7), (6.2)
and

<7, hy(DyB) > =<7, Vi hu(B) > + < B, Alh)(@,y) > . (6.3)

Proof. Let's compute
<7, A)(@, ) > = < 7, hy(la, Blp) > = <, [hy(@), hy(B)] >
= 1(1.V},08) = h(7: V50 )= <7 [, h(B)] >
= Vi@, y) = Vi h(B.7) + hy(a).h(B.y)
~hyPha )+ h(@ V5 r ) = h(B.V}, 7 )= <7 (@), hy(P)] >
= Vi@ 1) = Vi@ h(B, 7) + hy(@).h(B, 7) = hy(B)-h(a, 1)+ < V)7, hy(a) >

= < Vil 1B > = <7, Vi hy(B) > + <7, V() hy(a) >

= Vh#(ﬁ)h(a’ y)— Vh#(a)h(ﬂ 7)-
Let's pursue

<D ) > = Vah@. )+ h(V}, . 6.7)

62) .
=V wh(r. ) + h(V " b y)+ < B, A(h)a,7) >

ho(@h(B.7) = h(V}, 7.8 )+ < B AR@, 1) >

<7, Vh#(a)h#(ﬁ) >+ <, AMh)(a,y) > .

(|

By using Theorem 4.2, Equation (6.2) and Proposition 5.3 we get the following theorem.

Theorem 6.2. Let (M, V) be an affine manifold and let (TM .M, Idp,,, V) be its associated left symmetric algebroid. Let h
be a symmetric bivector field on M and consider D the right anchored product given by (6.1). Then (T”M , M, hy, D) is a left
symmetric algebroid compatible with (TM, M, Idyy,, V) if and only if, for any a, p,y € Q1 (M),

VihB,7) = Viy,ph(a,y) = 0. (6.4)
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In this case, (TM ST M, M,[, 1", Idry +0,(, ), Kh) is a para-Kdhler Lie algebroid, where

(X +a,Y+p]” =[X,Y]+V;f-Via,
(X+a,Y+p),=<a,Y>+<p,X>-2hap) and KX +a)=X—2hy(a)-a.
Moreover, the associated symplectic form Q is given by
QX +a,Y+p)=<pX>—<a,Y >.

Remark 6.3. This theorem deserves some comments. Indeed, the theorem asserts that, given an affine manifold (M, V) and a
symmetric bivector field h satisfying (6.4), we have:

1. (T*M, M, hy, D) is a left symmetric algebroid,
2. (TM@®T*M,M,[, 1", Idrp +0,{, ), K},) is a para-Kihler Lie algebroid.

These two results are a consequence of a long path based on all the results and the constructions performed before. The first
assertion introduces a class of left symmetric algebroids and hence a class of Lie algebroids which, to our knowledge, has not
been considered before. We will devote the reminder of this section to the study of this class. Also, to our knowledge, the class
of para-Kihler Lie algebroids introduced in 2. has not been considered before.

Now once the results are available, one can prove the assertions 1. and 2. directly. For the first assertion, one can compute (a
huge computation identical to the one in Lemma 4.3) the curvature of D and show that it vanishes. For the second assertion,
we can use Proposition 3.1 and show either that the Nijenhuis torsion of K, vanishes and Q; is closed with respect to [ , 1 or
show that K, is parallel with respect to the Levi—Civita connection. We have seen in Example 3.9 that Q is parallel with respect
to the Lie-admissible connection V(;( +a(Y +p)=VyY + V’;( p and hence it is closed. To show that the Nijenhuis torsion with

respectto [ , ]~ vanishes is an easy computation using that A(h) = 0. However, one must point out that V? is not the Levi-Civita
connection V of (TM ST*M,M,[, 1", Idry +0,(,) h) and a straightforward computation gives

VY =V,Y,
Vya=Vya—(Vyxhy@), V. X = =(Vyhy(a@) and V,p==2(V o h)(B)+ V)P~ Dab-
With this formula one can check that VK, »=0.

We will give now other characterizations of bivector fields satisfying (6.4).

Proposition 6.4. Let (M, V) a manifold endowed with a torsionless connection (we don't need to suppose that V is flat). Le h
be a symmetric bivector field on M. For any f € C*(M), put X ; = hy(d f). Then the following assertions are equivalent.

(i) h satisfies (6.4).
(i) Forany f,g € C®(M) and any a € Ql(amn), da(Xf,Xg) = VX/_h#(a)(g) — ngh#((x)(f).
(i) Forany f.g.u € C¥(M), Vy X,(g) = Vx X, (/)

(iv) For any x € M, there exists a coordinates system (X1, ..., x,) around x such that forany 1 <k <nand1<i< j<n,
VXX[Xxk (.xj) = VXijXk (.xl)

Proof. We have
Vth(dg, @) = X;.h(dg, a)— < V}fdg, hy(a) > — < V*Xfa, X, >
= Xf.h(dg, a) — Xf.h(dg, a) + Vth#(a)(g) - Xf.h(dg, a)+ a<VXfXg>
= —X,.a(X,) + Vi, hy(@)(g) + a<vaXg>.
Thus

Vi, hdg,a) = Vx h(df,a)=—da(X ;. X,) + Vx hy(a)g) = Vx hy(@)(f).
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This relation and the fact that (6.4) is tensorial permit to prove the proposition. [

Remark 6.5. Let (M, V) as in Proposition 6.4 and h satisfying (6.4). By using (iii) of Proposition 6.4, for any f, g, u € C®(M),
we get
[ X7 X () = Vi X () = Vix X (1)
=Vx, X, (/)= Vx, X;()
= [X,. X J(H+ [X;. X,](@) + Vx X, ()= Vx, X,(2)
= [X, X () + [X). X, ](®).

Thus

[X 0 X () + [ X X, | () + [ X, X f](g) = 0. 6.5)
So the triple product {.,.,.} : C¥(M) X C®(M) X C®(M) — C®(M) given by {f,g,u} = [Xf, Xg](u) satisfies:

1' {fug’ﬂ}:_{g’f’ﬂ}’
2. {f.eut+{gu fr+{u f.gt =0,
3. {f e mmt={f.g. 1ty +{f. 8 mtu.

Note that we have a similar situation on a Poisson manifold. Indeed, if M is a manifold endowed with a Poisson bracket { , }
then the triple product { , , ) givenby (f, g, u) = {{f, g}, u} satisfies the relations 1.,2.,3. above.

Contravariant pseudo-Hessian manifolds

We will show now that the triple (M, V, h) satisfying (6.4) are a generalization of a well-known structure, namely, a pseudo-
Hessian structure. Recall that a pseudo-Hessian manifold (see [22]) is a triple (M, V, g) where V is a flat torsionless connection
and g is a pseudo-Riemannian metric is given locally by g = Vd¢ where ¢ is a local function. This is equivalentto .S := Vg is
totally symmetric, i.e., (V, g) satisfying the Codazzi equation

Vxg(Y,Z) =VygX,Z). (6.6)

If weput h = g‘1 andtake X = X, Y = X, and Z = X, withu, v, w € C®(M), on can see easily that this equation is equiv-
alentto V x,X L) =V X,,X () and hence, by virtue of Proposition 6.4, g satisfies Codazzi equation if and only if g~ ! satisfies
(6.4). There is a subclass bf the class of pseudo-Hessian manifolds, namely, the subclass of affine special real manifolds which
appeared in physics. A pseudo-Hessian manifold (M, V, g) is called affine special real manifold if, in addition, §' is parallel.
In [1], this subclass has been studied in detail and, in particular, the r-map which associate to any pseudo-Hessian manifold
(M, V, g) a natural pseudo-Kéhlerian structure on 7'M has been scrutinized. By virtue of what above, the following definition
is natural.

Definition 6.6. We call a triple (M, V, h) where V is torsionless flat and # satisfies (6.4) a contravariant pseudo-Hessian
manifold. If, in addition, the tensor field T' given by T'(a, f,y) =V h#(a)h(ﬂ, y) is parallel with respect to the anchored product
D given by (6.1), we call (M, V, h) contravariant affine special real manifold.

The following theorem shows a similarity between Poisson manifolds and contravariant pseudo-Hessian manifolds.

Theorem 6.7. Let (M,V, h) be a contravariant pseudo-Hessian manifold. Then Im hy is integrable and defines a singular
foliation on M such that for every leaf L we have:

(i) For every vector fields X ,Y tangent to L, V yY is tangent to L,

(ii) L has a natural pseudo-Hessian structure. Moreover, if (M, V, h) is a contravariant affine special real manifold then L is
an affine special real manifold.

Proof. According to Theorem 6.2, (T*M, M, hy, D) is a left symmetric Lie algebroid and hence (T*M, M, hy,[ , 1p) isaLie
algebroid. This implies that ImA, is integrable and defines a singular foliation on M. Each leaf L carries a pseudo-Riemannian
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metric g; given by g; (hu(a), hy(f)) = h(a, f). On the other hand, (6.3) shows that any leaf L carries an affine structure VL and
one can check easily that (VL »8 L) is a pseudo-Hessian structure on L which is affine special real when (M, V, h) is. O

Example 6.8. Consider R” endowed with its canonical affine structure V and denote by (x, ..., x,, ¥, ..., ¥,_,) its canonical

2
linear coordinates. Let f € C*® (M) such that the matrix < s > is invertible and put

0x;0x

,
h= Z hijoy, ® 0, »

ij=1

orf

0x;0x;

where (h;;) is the inverse of the matrix < > Then (R", V, h) is a contravariant pseudo-Hessian structure. This is a conse-

quence of the following proposition.

Proposition 6.9. Let (M, V) be an affine manifold and let i : F — T M be a subbundle such that, for any X,Y € I'(F),
VxY € I'(F). Suppose that there exists ¢ € C*(M) such that g given by g (u,v) = V,dp(v) for any x € M and any u,v € F,
is nondegenerate symmetric bilinear form on F,. Then hy = i o#0i*, where # . F* — F is the isomorphism associated to g,
defines a contravariant pseudo-Hessian structure on (M, V).

Proof. For any a, f,y € QY(M), put X = hy(a), Y = hy(f) and Z = hy(y). There are three vector fields tangent to F. Since
VY and Vy Z are tangent to F then

V@B, 7) = =hy(@).h(B.Y)+ < B,V oyha(v) > + <7, Vp hy(P) > = =Vxe(¥, Z).
Now
Vyg(Y,Z)=Vyg(X,Z) = XNdP(Y,Z) - Y.Nd(X, Z) = Vdp(V yY — Vy X, Z)
—Vd$(Y,VyZ) + Vdp(X,Vy Z)
= [X,Y1dp(Z) = X.dp(VyZ) + Y. dp(V y Z) — [X,Y1.dp(Z) + dp(V y y, Z)
Y. dp(Vy Z)+dp(NyVy Z) + X.dp(Ny Z) — dp(V Vy Z)
=0.

(]

The following proposition is a generalization of Lemma 2.1 in [12]. The proof we give here is different.

Proposition 6.10. Let (M, V) be an affine manifold and let i : D — T M be a subbundle such that, for any X,Y € I'(D),
VxY € I'(D). Then, for any m € M, there exists a coordinates system (X, ..., X,, Y, ..., Y,_,) On an open set around m such
that, for any p € U,

D(p)=span{0xl(p),...,axr(p)} and  V, 0, =0.ij=1...r

Proof. Denote by V! the restriction of V to D. Then (D, M,i, Vl) is a left symmetric algebroid. Moreover, V! satisfies the

hypothesis of Lemma 2.9. Let (e, ..., e,) be a basis of D(m). By virtue of Lemma 2.9, there exists a family of local vector fields
X,,..., X, tangent to D such that V' X; =0, X;(m) = e;,i = 1,...,r. Forany,i,j = 1,...,r, [X,-,Xj] =Vyx X, - VXin =0
and the proposition follows by applying Frobenius's theorem. O

The following theorem shows that any contravariant pseudo-Hessian structure is locally as Proposition 6.9 near any regular
point. This can be compared to Darboux—Weinstein near a regular point in Poisson geometry (see [26]).

Theorem 6.11. Let (M, V, h) be a contravariant pseudo-Hessian structure and let x € M be such the rank of hy is constant in
a neighborhood of x. Then there exists a chart (xy, ... ,X,, Y1, ..., ¥,_,) and a function f(x,y) such that

h= ) hjo, ®0,, Vo 0y =0, isj=1,...r,
i,j=1
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and the matrix (h,- j) is invertible and its inverse is the matrix < aa af )
X;0x;
Proof. By applying Proposition 6.10 to Im Ay near x, there exists a chart (x, ..., X,, y{, ..., y,_,) such that

span(axl,...,axr)=1mh# and vaXiaXJ_:o, ihj=1,...,r

This implies that Ay(dy;) = O0fori =1, ...,n — r. Note first that, forany i, j,k =1, ... ,n, < V; dxj,dxj > = 0 and hence from
Xk
6.1),

<Dy, dx;,0, > = Vax/( h(dx;,dx;))+ <V, ax)dx;, 0y, >
= < dh(dx;,dx)),0,, > — < V;Xk dx;, hy(dx;) > — < VSXk dx;, hy(dx;) >
=< dh(dx,-,dxj), 0xk > .
Thus Dy, dx; = dh(dxi, dxj) + a;; where a;; € ker hy. This implies that
[Ry(dx;), hy(dx;)] = hy(Dyy dx;) - h#(Ddxjdx,-) =0.
So there exists a coordinates system (z, ..., z,,) such that

hy(dx;) = ()Zi, i=1,...,r.

We deduce that
9y, = D h0. ., i=1,...r, (V) = (dh(dx; dx;))" .
j=1
Thus AV = ?. We consider ¢ = 3_, z;dx;. We have dyro =0 so, according to the foliated Poincaré lemma (see [19],
pp. 56), there exists a function f such that A"/ = 0)?_26{( -, which completes the proof. O

L)

Remark 6.12. It is important to generalize the theorem above near a singular point. The authors have no ideas how to do it and
left the problem open.

7 | CANONICAL CONTRAVARIANT PSEUDO-HESSIAN STRUCTURE ON THE
DUAL OF A COMMUTATIVE ASSOCIATIVE ALGEBRA

In this section, we will pursue the study of similarities between contravariant pseudo-Hessian manifolds and Poisson manifolds.
Namely, we will show that the dual of any commutative and associative algebra carries a canonical contravariant pseudo-Hessian
structure and we will study these structures in detail.

Let (M, V, h) be a contravariant pseudo-Hessian manifold. Let x € M and denote by g, = ker h4(x). Let D be the right-
anchored product associated to A given by (6.1). According to (6.3), for any a, f € Ql(m), hy(D,p) = Vh#(a)h#(/}). This
shows that if hy(a)(x) = 0 then Ax(D,f)(x) = 0. Moreover, D, f — Dya =V hy(@) p—-V LS This implies that if Ag(a)(x) =
hy(f)(x) = 0 then D, f(x) = Dﬁa(x). For any a,b € g, put

a.b = (D,p)(x).

where a, § are 2 differential 1-forms satisfying a(x) = a and f(x) = b. This defines a commutative product on g, and moreover,
by using the vanishing of the curvature of D, we get:

Proposition 7.1. (g,,.) is a commutative associative algebra.
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As the dual of a Lie algebra carries a natural Poisson structure, the dual of a commutative associative algebra carries a
contravariant pseudo-Hessian structure. Indeed, let (A, .) be a finite dimensional commutative associative algebra. We define a
symmetric bivector 4 on A* by putting

h(a, B)(p) = < p, a(u)-B(u) >, @, f € Q'(A*) = C¥(A*, A), u € A", (7.1)

We denote by V° the canonical affine connection of .A* given by V())(Y(,u) =d,Y(X(u)) where X,Y : A* — A* are regarded
as vector fields on A*. For any u € A, we denote by u* the linear function on .A* given by u*(u) = < u,u >, by X, the vector
field on A* given by X, = hy(du*) and by L, : A — A the left multiplication by u. Let D be the right-anchored product
associated to (.LA*, V, h) and given by (6.1). Finally, denote by T the tensor field on .A* given by T'(a, §,7) = V(;l#(a)h(/}, 7). A
straightforward computation gives the following proposition.

Proposition 7.2. For any u,v,w,x € A, we have

T(du*,dv*,dw*) = (w.v.w)*,

u.v’

h(du*,dv*) = wv)*, X, =L, V9 X, =X
D,+dv* =dw.v)" and DT(du*,dU*,dw*,dx*) = 2(u.v.w.x)*.

As a consequence of these formulas and Theorem 6.7, we get the following result.

Theorem 7.3. (A*, VO, h) is a contravariant pseudo-Hessian manifold and the singular foliation associated to Im hy is given by
the orbits of the linear action ® of the abelian Lie group (A, +) on A* given by ®(u, u) = exp (L;)(y). Moreover, (.A*, VO, h)
is a contravariant affine special real manifold if and only if A* = 0. In particular, the orbits of ® are pseudo-Hessian manifolds
and if A* = 0 they are affine special real manifolds.

Remark 7.4. This theorem is similar to the well-known result asserting that the dual of a Lie algebra carries a natural Poisson
structure. However, there is an important difference between the two situations. In the case of a Lie algebra, the symplectic
leaves are the orbits of the co-adjoint action of any connected Lie group associated to the Lie algebra and the action preserves
the symplectic form of any leaf. In the case of a commutative associative algebra, the pseudo-Hessian leaves are the orbits of
the action of (A, +) and this action preserves the affine structure of any leaf but not its pseudo-Hessian metric unless A3 = 0.
Note that these pseudo-Hessian manifolds are diffeomorphic to a RY X T?.

The class of associative commutative algebras constitutes a large class of associative algebras so Theorem 7.3 is a powerful
tool to build examples of pseudo-Hessian manifolds and affine special real manifolds. Since any pseudo-Hessian structure on a
manifold gives rise to a pseudo-Kéhlerian structure on its tangent bundle we get also a machinery to build examples of pseudo-
Kéhlerian manifolds. In what follows, we will illustrate this by showing that, using Theorem 7.3, we can get interesting examples.
Namely, we will show that the Hessian curvature of these manifolds is not trivial in general. Shima introduced the notion of
Hessian curvature, which is a finer invariant than Riemannian curvature and is related with the curvature of the associated Kahler
metric on the total space of the tangent bundle. Let us recall first the definition of the Hessian curvature and the definitions of
some basic notions in a pseudo-Hessian manifold (see [22] for more details).

Let (M,V,g) be a pseudo-Hessian manifold. Denote by D the Levi-Civita connection of g and put V/ =2D — V and
y = D — V. The connection V' is called the dual connection of V with respect to g and (M, V', g) is also a pseudo-Hessian
structure. The Hessian curvature (M, V, g) is the tensor Q given by O = Vy. The first and the second Koszul forms are given,
respectively, by a(X) =tr(iyy) and f = Va.

Let compute now all the mathematical objects above in the case where M = { exp (LZ)(;t), ae A} is an orbit of the pseudo-
Hessian foliation associated to the contravariant pseudo-Hessian manifold (A*, V°, ) appearing in Theorem 7.3. Note that
T,M ={X,(v),a € A}. As above, we denote by V the affine connection on M, g the pseudo-Riemannian metric, D the Levi—
Civita connection and so on. The following proposition is a consequence of an easy and straightforward computation.

Proposition 7.5. For any a,b,c € A and any v € A*,

%Xa.b, V,anb =0,

g(Xa(V), Xb(\/)) =<v, a.b >, VXaXb = Xa.b’ DXaXb =
1

O(X,. X)X, = > Xabes a(X,) = —%tr(La) and B(X, X,) = %tr(La,b).

In particular, g is a flat pseudo-Riemannian metric and Q = 0 if and only if A* = 0.
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We end this paper by considering examples of commutative associative algebras. For each of them we choose an orbit M and
0%
0x;0x

give in an affine system of coordinates (x;) the pseudo-Hessian metric g and a function ¢ such that g;; = -. Some examples

J
come from the lists of low dimensional associative algebras obtained in [21].

Example 7.6. All the algebras bellow are identified with R” with its canonical basis (ei):‘= and (ef l’.’zl is the dual basis. The
action @ of A on A™ is given by ®(a, 1) = exp (L:)(ﬂ) and, for any a € A, X, is the vector fields on A™ given by X, = L7,
where L, is the left multiplication by a. We denote by V the canonical connection on A*.

1. We take A = R” as a product of n copies of the associative commutative algebra R. The non vanishing product is given by

eje; = ¢; fori=1,...,n. We denote by (q;)"_, the linear coordinates of .4 and (x;)?_, the dual coordinates on .A*. We have
n n n
(D(Z ae;, Z x,—e;k> = Z elixe.
i=1 i=1 i=1
Moreover, forany i = 1,...,n, X, = x;0, . The orbit of a point x € A™is M, = {Zle elix;el,a; € IR}. Itis a convex cone

and one can see easily that if ¢ : .A™ — R is the function given by

n

¢ = Y u;In |uy,

i=1

then the restriction of Vd¢ to M, together with the restriction of V to M, define the pseudo-Hessian structure on M,
described in Theorem 7.3. Note here that the signature of the pseudo-Hessian metric on M., is exactly (p, q¢) where p is the
number of x; such that x; > 0 and g is the number of x; such that x; < 0. Note that if x; > 0 for i = 1, ..., n then the metric
on M, is definite positive and we recover the example given in [22], pp. 17.

2. We take A = C endowed with its canonical structure of commutative and associative algebra. The non vanishing products
are

€. =€, €1.6p =€p.| =€y, €r.6p = —€].
We denote here by (x, y) the linear coordinates on A associated to (e}, ;) and (a, #) the dual coordinates on .4*. We have

X, =ad, +po; and X, =po,—ad,

€]
and it is easy to check that
D(xe; + yey, ae| + fey) = €*((acos(y) + Bsin(y))e; + (—asin(y) + f cos(y))es ).

We deduce that we have two orbits the origin and .A™ \ {0}. Let describe the pseudo-Hessian structure of M := A* \ {0}.
The pseudo-Hessian metric g satisfies

g<Xel’X€1) =a, g<Xe1’Xez> =p, g<Xe2,X62> =-—a
and hence

1 2 2
= ——(ada” +2pdadp — adf”).
= pdadp - adf?)
Thus (M, V, g) is a Lorentzian Hessian manifold. Moreover, the metric g is flat. Now we look for a function f on M such
that g = Vdf,i.e.,

o0’f a  0*f —a ’f i

— = — = and —— = .
oa?2  aZ+p%r 9p%  ar+ p? dadf o+ p2

The function f given by
Sfla,p) = %aln (a2 + ﬁz) + farctan <%>

satisfies these equations on the open set {f# # 0}. Note that this function is harmonic.
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3. We take A = R? with the commutative associative product given by e;e; = e, and e,e, = e; and the others products are
zero. We have A3 # 0 and A* = 0. We denote by (a, b, ¢) the linear coordinates of A and (x, y, z) the dual coordinates of
A*. We have

X, =y0,+2z0, X, =z0, and X, =0
and
®(ae, + be, + ces, xe| + ye; + ze}) = (x +ay+ (%az + b)z,y+ az,z).

The orbits of this action are the plans {z = ¢, ¢ # 0}, the lines {z =0,y = ¢, ¢ # 0} and the points {(c,0,0)}. The pseudo-
Riemannian metricon M, = {z = c,c # 0} is given by

8 (Xo,. X)) =90 8(X, . X)) =c and g.(X,.X,)=0.

3
This is a Lorentzian metric and one can check easily that, if ¢(x, y, z) = —# + % then g, is the restriction of Vd¢ to M.

Note that since A* = 0 then (M o V| M,> gc) is an affine special real manifold. However, the pseudo-Hessian metric on the
line L, = {z =0,y =c,c # 0} is given by the restriction of Vd¢, where ¢ (x,y, z) = ;—i

4. We take A = R3 with the commutative associative product given b
p g y
€161 =€, €183 =€y, €e3 = €, €3e3 = €3,

the others products are zero. We denote by (a, b, ¢) the linear coordinates on .4 and (x, y, z) the dual coordinates on .A*. We
have

CID(ael + be, + ces, xe| + ye; + ze}k) =e° <x +ay,y,ax + %(a2 + 2b)y + z>.
The orbits have dimension 3,2,1 or 0. The three dimensional orbits are {y > 0} and {y < 0}. The two dimensional orbits
are {y=0,x> 0} and {y = 0,x < 0}. The one dimensional orbits are {y =x =0,z >0} and {y =x =0,z < 0}. The
origin is the only zero dimensional orbit. Let describe the pseudo-Hessian structure on M = {y > 0} or M = {y < 0}.
We have
X, =y0,+x0,, X, =yd, and X, =x0,+yd, + 20,
and the pseudo-Hessian metric g on M is satisfies
g(Xe . Xe) = v g(Xes X,,) =0,

g(Xel,XES) =X, g(Xez,XEZ) =0, g(XEZ,Xe3) =y and g(XES,X%) =z

Note that the matrix of g in (X, , X,

matrix of g in (0, 2, 0.) is P~!. Thus, in the coordinates (x, y, z), we have

e,» X, ) 18 just the passage matrix P from (X, , X,,, X,,) to (d,,0,,0.) and hence the

2_
g=1 (dx2 + 2 Yy +2dydz - 2—xdxdy>.
y y y

One can check easily that g is the restriction of Vd¢ where ¢(x, y,z) = zln |y| + ;—i This metric is of signature (+, +, —) in
{y>0}and (+,—,—) in {y < 0}.

5. We take A = R* with the commutative associative product given by

€1€] =€y, €18y = €3, €183 = €8 = €y,
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the others products are zero. We have A3 #0and A* = 0. We denote by (a, b, ¢, d) the linear coordinates on .A and (x, y, z, )
the dual coordinates on A*. We have

®(ae; + bey + cey + dey, xe} + yel + ze; + te;)
1, 1 3 1,
= x+ay+(§a +b z+<€a +ab+c)t,y+az+ Ea +b>t,z+at,t
and
X, =y0,+2z0,+10;, X, =z0,+19,, X, =19, and X, =0.

Let describe the pseudo-Hessian structure of the hyperplan M, = {t = ¢, ¢ # 0} endowed with the coordinates (x, y, z). Since
the matrix of g, in (X, , X,,, X,,) is the passage matrix P from (X, , X,,, X,,) to (dx,9,,0,), we get

x* Yy

2 _
g =1 <2dxdz +dy? — Zdydz+ wdf).
C C C

The signature of this metric is (+, +, —) if ¢ > 0 and (+, —, —) if ¢ < 0. One can check easily that g, is the restriction of Vd¢
to M, where

4 2 2
z y 27y Xz
Szl = = S
9%y, 2,1) 1263 2t 2t t
Since A* = 0, M, is an affine special real manifold.

6. We take A = R* with the commutative associative product given by
€ep =¢ep, €16y =€, €1€3 = €3, €164 = €y, €r€) = €3, €63 = €4.
We have

X, =X0,+yd,+ 20, +10,, X, =y0,+2z0,+10;, X, =z0,+10, and X, =10,.

Thus {zr > 0} and {¢ < 0} are orbits and hence carry a pseudo-Hessian structures. Let us determine the pseudo-Hessian
metric. The same argument as above gives that the metric is given by the inverse of the passage matrix from (X e X 94)
to (0,.0,,0,.0;). Thus

2(z2 — yt
Z2+¥dZdt+

2zyt — xt? — 2°
g = %<2dxdt +2dydz - %dydt - %d Zy—’gzdﬂ)

The signature of this metric is (+, +, —, —). One can check easily that g is the restriction of Vd¢ to M, where

3

z yz
X, ¥,2,t) = —— + — + xIn|t].
Py 2 =—5+7 |71
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