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ABSTRACT
k-Para-K€ahler Lie algebras are a generalization of para-K€ahler Lie algebras
(k¼ 1) and constitute a subclass of k-symplectic Lie algebras. In this paper,
we show that the characterization of para-K€ahler Lie algebras as left sym-
metric bialgebras can be generalized to k-para-K€ahler Lie algebras leading
to the introduction of two new structures which are different but both
generalize the notion of left symmetric algebra. This permits also the intro-
duction of generalized S-matrices. We determine then all the k-symplectic
Lie algebras of dimension ðk þ 1Þ and all the six dimensional 2-para-K€ahler
Lie algebras.
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1. Introduction

The k-symplectic geometry is a generalization of the symplectic geometry which was developed
by A. Awane [3], Awane and Goze [3] and C. G€unther in [9] as an attempt to develop a conveni-
ent geometric framework to study classical field theories (see [11]). A k-symplectic manifold is a
smooth manifold M of dimension ðkþ 1Þn endowed with an involutive vector subbundle E �
TM and a family ðh1, :::, hkÞ of differential closed 2-forms such that: rankðEÞ ¼ nk, the family
ðh1, :::, hkÞ is nondegenerate, i.e., \k

i¼1ker h
i ¼ f0g and E is isotropic with respect all the hi. A left

invariant k-symplectic structure on a connected Lie group G of dimension ðkþ 1Þn is equivalent
to its associated infinitesimal structure, namely, the Lie algebra g of G, a Lie subalgebra h of
dimension nk and a family fhi 2 � 2g�, i ¼ 1, :::, kg of closed nondegenerate 2-forms such that
hijh ¼ 0 for i ¼ 1, :::, n: We call ðg, h, h1, :::, hkÞ a k-symplectic Lie algebra. If, in addition, there
exists a subalgebra p � g such that g ¼ h� p and p is isotropic with respect to all the hi, we call
ðg, h, p, h1, :::, hkÞ a k-para-K€ahler Lie algebra. This terminology is justified by the fact that when
k¼ 1 we recover the classical notion of para-K€ahler Lie algebras (see [1, 5–7]).

The purpose of this paper is to study k-para-K€ahler Lie algebras aiming the generalization of
the results obtained in [5, 8] in the case of para-K€ahler Lie algebras. In these papers, para-K€ahler
Lie algebras were considered as left symmetric bialgebras. Roughly speaking, a para-K€ahler Lie
algebra is built from two structures of left symmetric algebras on a vector space and its dual
which are compatible in some sense. The compatibility condition involves representations of Lie
algebras and 1-cocycles. This leads naturally to the notion of exact para-K€ahler Lie algebras
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Table 1. Two dimensional 2-left symmetric structures, (a,b) 2 R2.

Name of the 2-LSS First left symmetric product Second left symmetric product

b1, a , a 6¼ 1, a 6¼ 1
2

� �
e2 � 1e1 ¼ e1, e2 � 1e2 ¼ ae2 � 2 ¼ a � 1

b1, 12 e2 � 1e1 ¼ e1, e2 � 1e2 ¼ 1
2 e2 e2 � 2e1 ¼ ae1, e2 � 2e2 ¼ 1

2 ae2 þ be1

b1, 1 e2 � 1e1 ¼ e1, e2 � 1e2 ¼ e2 e1 � e1 ¼ ae1, e1 � 2e2 ¼ ae2, e2 � 2e1 ¼ be1,

e2 � 2e2 ¼ be2

b2 e2 � 1e1 ¼ e1, e2 � 1e2 ¼ e1 þ e2 � 2 ¼ a � 1

b3, a , a 6¼ 1, a 6¼ 0, e1 � 1e2 ¼ e1, e2 � 1e1 ¼ 1� 1
a

� �
e1, e2 � 1e2 ¼ e2 � 2 ¼ a � 1

b3, 1 e1 � 1e2 ¼ e1, e2 � 1e2 ¼ e2 e1 � 2e1 ¼ ae1, e1 � 2e2 ¼ be1, e2 � 2e1 ¼ ae2,

e2 � 2e2 ¼ be2

b4 e1 � 1e2 ¼ e1, e2 � 1e2 ¼ e1 þ e2 � 2 ¼ a � 1

bþ5 e1 � 1e1 ¼ e2, e2 � 1e1 ¼ �e1, e2 � 1e2 ¼ �2e2 � 2 ¼ a � 1

b�5 e1 � 1e1 ¼ �e2, e2 � 1e1 ¼ �e1, e2 � 1e2 ¼ �2e2 � 2 ¼ a � 1

c2 e2 � 1e2 ¼ e2 e1 � 2e1 ¼ ae1, e2 � 2e2 ¼ be2

c13 e2 � 1e2 ¼ e1 e2 � 2e1 ¼ 2ae1, e2 � 2e2 ¼ be1 þ ae2

c23 e2 � e2 ¼ e1 e1 � 2e2 ¼ ae1, e2 � 2e1 ¼ ae1, e2 � 2e2 ¼ be1 þ ae2

c4 e2 � e2 ¼ e2, e1 � 1e2 ¼ e2 � 1e1 ¼ e1 e1 � 2e2 ¼ ae1, e2 � 2e1 ¼ ae1, e2 � 2e2 ¼ be1 þ ae2

cþ5 e1 � 1e1 ¼ e2 � 1e2 ¼ e2, e1 � 1e2 ¼ e2 � 1e1 ¼ e1 e1 � 2e2 ¼ e2 � 2e1 ¼ be1 þ ae2

e1 � 2e1 ¼ e2 � 2e2 ¼ ae1 þ be2

c�5 e1 � 1e1 ¼ �e2 � 1e2 ¼ �e2, e1 � 1e2 ¼ e2 � 1e1 ¼ e1 e1 � 2e2 ¼ e2 � 2e1 ¼ be1 þ ae2

e1 � 2e1 ¼ �e2 � 2e2 ¼ ae1 � be2

Table 2. Compatible two dimensional 2-left symmetric and 2� 2ð Þ-left symmetric structures.

Name 2-left symmetric structure Compatible 2� 2ð Þ-left symmetric structure conditions

bb1, a b1, a , a 6¼ 1, a 6¼ 1
2

� �
L1, 1e2 ¼ 0 0

0 �ac

� �
, L1, 2e2 ¼ 0 0

0 �ad

� �
, L2, 1e2 ¼ 0 0

0 c

� �
, L2, 2e2 ¼ 0 0

0 d

� �
a 2 R, a¼ 0

bb1, 1 b1, 1 ? a, b ¼ 0, a,b 2 f1, 2g a¼ 0, b 2 R

bb2 b2 ? a, b ¼ 0, a,b 2 f1, 2g a 6¼ 1

L1, 1e2 ¼ L1, 2e2 ¼ 0 0
0 �c

� �
, L2, 1e2 ¼ L2, 2e2 ¼ 0 0

0 c

� �
a¼ 1

bb3, 1 b3, 1 ? a, b ¼ 0, a,b 2 f1, 2g a 6¼ 0, b 2 R

bb4 b4 L1, 1e1 ¼ 0 0
�ac 0

� �
, L1, 2e1 ¼ 0 0

�a2c 0

� �
, L2, 1e1 ¼ 0 0

c 0

� �
, L2, 2e1 ¼ 0 0

ac 0

� �
a 2 R

cc13 c13 ? a, b ¼ 0, a,b 2 f1, 2g a 6¼ 0, b 2 R

L1, 1e1 ¼ c1 0
c2 0

� �
, L1, 2e1 ¼ bc1 0

d1 0

� �
, L2, 1e1 ¼ g1 0

g2 0

� �
, L2, 2e1 ¼ bg1 0

d2 0

� �
a¼ 0, b 2 R

cc23 c23 ? a, b ¼ 0, a,b 2 f1, 2g a 6¼ 0, b 2 R

L1, 1e1 ¼ c1 0
c2 0

� �
, L1, 2e1 ¼ bc1 0

d 0

� �
, L2, 1e1 ¼ g1 0

g2 0

� �
, L2, 2e1 ¼ bg1 0

h 0

� �
a¼ 0, b 2 R

ccþ5 cþ5 L1, 1e1 ¼ L1, 1e2 ¼ �c �c
�c �c

� �
, L1, 2e1 ¼ L1, 2e2 ¼ �c �c

�c �c

� �
a 2 R, b 2 R

L2, 1e1 ¼ L2, 1e2 ¼ c c
c c

� �
, L2, 2e1 ¼ L2, 2e2 ¼ c c

c c

� �
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(when one 1-cocycle is a coboundary). Exact para-K€ahler Lie algebras are defined from S-matrices
in the same way as exact Lie bialgebras are defined by R-matrices.

In this paper, we show that a k-para-K€ahler Lie algebra is build from two new algebraic struc-
tures compatible in some sense (see Theorems 2.1 and 2.2). We call them k-left symmetric alge-
bra and ðk� kÞ-left symmetric algebra (see Definitions 2.2 and 2.3). As for k¼ 1 the
compatibility condition involves representations and 1-cocycles and we have naturally the notion
of exact k-para-K€ahler Lie algebras leading to what we call Sk-matrices (see Theorem 3.1). The
notions of k-left symmetric algebra and ðk� kÞ-left symmetric algebra are new and both general-
ize the notion of left symmetric algebras. We think that these two structures are interesting in
their own right. In Proposition 2.3, we give a natural way to build examples of k-left symmetric
algebras. We give also all 2-left symmetric algebras in dimension 2 (see Table 1) and we deduce

Table 3. Six dimensional 2-para-K€ahler Lie algebras.

Structure Associated 2-para-K€ahler Lie algebra Conditions

bb1, a ½f1, f2� ¼ �f1, ½f1, f4� ¼ �af1, ½f2, f3� ¼ f3, ½f3, f4� ¼ �af3, a 2 R,
½f2, e1� ¼ �e1, ½f2, e2� ¼ �cðaf2 � f4Þ, ½f4, e1� ¼ �ae1, ½f4, e2� ¼ �dðaf2 � f4Þ:

bb1, 1 ½f1, f2� ¼ �f1, ½f1, f4� ¼ �bf1, ½f2, f3� ¼ f3, ½f2, f4� ¼ �bf2 þ f4, ½f3, f4� ¼ �bf3, b 2 R

½f2, e1� ¼ �e1, ½f2, e2� ¼ �e2, ½f4, e1� ¼ �be1, ½f4, e2� ¼ �be2:

bb2 ½f1, f2� ¼ �f1, ½f1, f4� ¼ �af1, ½f2, f3� ¼ f3, ½f2, f4� ¼ �aðf1 þ f2Þ þ f3 þ f4, a 6¼ 1
½f3, f4� ¼ �af3, ½f2, e1� ¼ �e1 � e2, ½f2, e2� ¼ �e2, ½f4, e1� ¼ �aðe1 þ e2Þ, ½f4, e2� ¼ �ae2:

½f1, f2� ¼ �f1, ½f1, f4� ¼ �f1, ½f2, f3� ¼ f3, ½f2, f4� ¼ �f1 � f2 þ f3 þ f4, c 2 R

½f3, f4� ¼ �f3, ½f2, e1� ¼ �e1 � e2, ½f2, e2� ¼ �cðf2 � f4Þ � e2, ½f4, e1� ¼ �e1 � e2,½f4, e2� ¼ �cðf2 � f4Þ � e2:

bb3, 1 ½f1, f2� ¼ f1, ½f1, f3� ¼ �af1, ½f1, f4� ¼ �af2 þ f3, ½f2, f3� ¼ �bf1, a 6¼ 0, b 2 R

½f2, f4� ¼ �bf2 þ f4, ½f3, f4� ¼ bf3 � af4, ½f1, e1� ¼ �e2, ½f2, e2� ¼ �e2,
½f3, e1� ¼ �ae1 � be2, ½f4, e2� ¼ �ae1 � be2:

bb4 ½f1, f2� ¼ f1, ½f1, f4� ¼ f3, ½f2, f3� ¼ �af1, ½f2, f4� ¼ �aðf1 þ f2Þ þ f3 þ f4, a 2 R

½f3, f4� ¼ af3, ½f1, e1� ¼ �e2, ½f2, e1� ¼ �cðaf1 � f3Þ � e2, ½f2, e2� ¼ �e2,
½f3, e1� ¼ �ae2, ½f4, e1� ¼ �acðaf1 � f3Þ � ae2, ½f4, e2� ¼ �ae2:

cc13 ½f1, f4� ¼ �2af1, ½f2, f4� ¼ �bf1 � af2 þ f3, ½f3, f4� ¼ �2af3, ½f2, e1� ¼ �e2, a 6¼ 0, b 2 R

½f4, e1� ¼ �2ae1 � be2, ½f4, e2� ¼ �ae2:

½f2, f4� ¼ �bf1 þ f3, ½f1, e1� ¼ c1f1 þ g1f3, ½f2, e1� ¼ c2f1 þ g2f3 � e2, b 2 R

½f3, e1� ¼ bc1f1 þ bg1f3, ½f4, e1� ¼ d2f1 þ hf3 � be2:

cc23 ½f1, f4� ¼ �af1, ½f2, f3� ¼ �af1, ½f2, f4� ¼ �bf1 � af2 þ f3, ½f2, e1� ¼ �e2, ½f3, e1� ¼ �ae2 a 6¼ 0, b 2 R

½f4, e1� ¼ �ae1 � be2, ½f4, e2� ¼ �ae2:

½f2, f4� ¼ �bf1 þ f3, ½f1, e1� ¼ c1f1 þ g1f3, ½f2, e1� ¼ c2f1 þ g2f3 � e2, b 2 R

½f3, e1� ¼ bc1f1 þ bg1f3, ½f4, e1� ¼ df1 þ hf3 � be2:

ccþ5 ½f1, f3� ¼ �af1 � bf2 þ f4, ½f1, f4� ¼ �bf1 � af2 þ f3, ½f2, f3� ¼ �bf1 � af2 þ f3, a 2 R, b 2 R

½f2, f4� ¼ �af1 � bf2 þ f4, ½f1, e1� ¼ �cðf1 þ f2 � f3 � f4Þ � e2, ½f1, e2� ¼ �cðf1 þ f2 � f3 � f4Þ � e1,

½f2, e1� ¼ �cðf1 þ f2 � f3 � f4Þ � e1, ½f2, e2� ¼ �cðf1 þ f2 � f3 � f4Þ � e2

½f3, e1� ¼ �cðf1 þ f2 � f3 � f4Þ � ae1 � be2, ½f3, e2� ¼ �cðf1 þ f2 � f3 � f4Þ � be1 � ae2,

½f4, e1� ¼ �cðf1 þ f2 � f3 � f4Þ � be1 � ae2, ½f4, e2� ¼ �cðf1 þ f2 � f3 � f4Þ � ae1 � be2:

h ¼ spanff1, f2, f3, f4g, h1 ¼ f �1 � e�1 þ f �2 � e�2 and h2 ¼ f �3 � e�1 þ f �4 � e�2
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all the six dimensional 2-para-K€ahler Lie algebras (see Table 3). Our study permits also the deter-
mination of all the k-symplectic Lie algebras of dimension ðkþ 1Þ (see Theorems 4.1 and 4.2).

Section 2 is devoted to the characterization of k-para-K€ahler Lie algebras by means of the two
new notions of k-left symmetric algebra and ðk� kÞ-left symmetric algebras. In Section 3, we
study exact k-para-K€ahler Lie algebras and we introduce the notion of Sk-matrix. Section 4 is
devoted to the determination of the k-symplectic Lie algebras of dimension ðkþ 1Þ: In Section 5,
we give all the 2-left symmetric algebras of dimension 2 and all the six dimensional 2-para-
K€ahler Lie algebras.

1.1. Convention

Through-out this paper, we will deal with many representations of Lie algebras. If l : g !
EndðVÞ is a representation of a Lie algebra, we denote by l� : g ! EndðV�Þ its dual representa-
tion given by

� l�ðxÞðcÞ, y 	¼ � � c,lðxÞðyÞ 	 , x, y 2 V, c 2 V�:

However, for any endomorphism F between two vector spaces, we denote by FT its dual.

2. Characterization of k-para-K€ahler Lie algebras

A k-symplectic Lie algebra is a real Lie algebra g of dimension nk þ n with a subalgebra h of
dimension nk and a family ðh1, :::, hkÞ of 2-forms satisfying:

(i) The family ðh1, :::, hkÞ is nondegenerate, i.e., \k
i¼1kerh

i ¼ f0g,
(ii) for i ¼ 1, :::, k, hi is closed, i.e., dhiðu, v,wÞ :¼ hið½u, v�,wÞ þ hið½v,w�, uÞ þ hið½w, u�, vÞ ¼ 0,
(iii) h is totally isotropic with respect to ðh1, :::, hkÞ, i.e., hiðu, vÞ ¼ 0 for any u, v 2 h and

for i ¼ 1, :::, k:

According to [4, Theorem 3.1], there exists a basis B� ¼ ðxpi ,xiÞ1
p
k, 1
i
n of g� such that for
any a 2 f1, :::, kg,

ha ¼
Xn
i¼1

xai �xi and h ¼ kerx1 \ ::: \ kerxn:

Let ðepi, eiÞ1
p
k, 1
i
n be the dual basis of B�: Then the vector subspace spanfe1, :::, eng is a
supplement of h and it is totally isotropic with respect to ðh1, :::, hkÞ: Thus h has an isotropic sup-
plement. We introduce now the main object of this article.

Definition 2.1. Let ðg, h1, :::, hk, hÞ be a k-symplectic Lie algebra. We call it k-para-K€ahler if h
admits an isotropic supplement which is a Lie subalgebra.

When k¼ 1, we recover the well-known notion of par-K€ahler Lie algebras (see [8]). We pro-
ceed now to the study of k-para-K€ahler Lie algebras aiming the generalization of the results
obtained for k¼ 1 in [8].

Let ðg, ½, �, h1, :::, hk, hÞ be a k-para-K€ahler Lie algebra and p an isotropic Lie subalgebra supple-
ment of h:

The linear map H : h ! ðg=hÞ� � � � � � ðg=hÞ�, h 7! ðH1ðhÞ, :::,HkðhÞÞ where, for any p 2 g,

HaðhÞð p½ �Þ ¼ haðh, pÞ
is well-defined, injective and for dimensional reasons it is an isomorphism. For any a 2
f1, :::, kg, the vector subspace ha of h given by

4 H. ABCHIR ET AL.



ha ¼ fh 2 h,HbðhÞ ¼ 0, b ¼ 1, :::, k, b 6¼ ag:
has dimension n and h ¼ � k

a¼1h
a:

The Lie subalgebra h carries a product given by

Haðh1 � h2Þð p½ �Þ ¼ �haðh2, h1, p½ �Þ, (1)

for any h1, h2 2 h, for any p 2 g and for any a ¼ 1, :::, k,
We have g ¼ h� p and, for any p 2 p and h 2 h, the Lie bracket ½p, h� can be written

p, h½ � ¼ � h, p½ � ¼ /pðhÞ � /hðpÞ, (2)

where /pðhÞ 2 h and /hðpÞ 2 p:
For any a 2 f1, :::, kg, we define ia : h

a ! p� by putting

iaðhÞðpÞ ¼ haðh, pÞ:
It is obvious that ia is injective and since dim ha ¼ dim p it is bijective. Thus iTa : p ! ðhaÞ� is

an isomorphism. For any b 2 f1, :::, kg and for any p, q 2 p, the map h 7! � hbðq, ½p, h�Þ is an
element of ðhaÞ� and its image by ðiTa Þ�1 is an element of p we denote by p ? a, bq: Thus, for any
a,b 2 f1, :::, kg, we have a product ? a, b : p� p ! p, ðp, qÞ 7! p ? a, bq where, for any h 2 ha,

haðp ? a, bq, hÞ ¼ �hbðq, p, h½ �Þ: (3)

Finally, for any a,b 2 f1, :::, kg, we endow p� with the product �ab obtained by putting, for
any a, b 2 p�,

a � ab b ¼ ibði�1
a ðaÞ � i�1

b ðbÞÞ: (4)

The formulas (1), (3) and (4) define, respectively, a product on h, a family of products on p
and a family of products on p� which depend on ðh1, :::, hkÞ, the Lie bracket and p: We will use
these products to describe the k-symplectic Lie algebra in a useful way. Let us give now the prop-
erties of these products. Recall that a left symmetric algebra is an algebra ðA, �Þ such that for any
a, b, c 2 A,

assða, b, cÞ ¼ assðb, a, cÞ where assða, b, cÞ ¼ ða � bÞ � c� a � ðb � cÞ:

Proposition 2.1. We have:

1. ðh, �Þ is a left symmetric algebra, the product � is Lie-admissible, i.e., for any
u, v 2 h, ½u, v� ¼ u � v� v � u, and for any a ¼ 1, :::, k, h � ha � ha:

2. For any a,b 2 f1, :::, kg with a 6¼ b and for any p1, p2 2 p, we have

p1, p2½ � ¼ p1 ? a, ap2 � p2 ? a, ap1, p1 ? a,bp2 ¼ p2 ? a, bp1:

3. For any a,b, c, �ab ¼ �ac and if we denote �ab ¼ �a, we have, for any a, b, c 2 p�,

a�aðb�bcÞ � ða�abÞ�bc ¼ b�bða�acÞ � ðb�baÞ�ac: (5)

In particular, �a is a left symmetric product on p�:

Proof.
1. We have

Haðh1 � h2Þð p½ �Þ �Haðh2 � h1Þð p½ �Þ ¼ haðh1, h2, p½ �Þ � haðh2, h1, p½ �Þ
¼ hað h1, h2½ �, pÞ ¼ Hað h1, h2½ �Þð p½ �Þ
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and hence � is Lie-admissible. On the other hand,

Hað h1, h2½ � � h3Þð p½ �Þ ¼ �haðh3, h1, h2½ �, p� �Þ
¼ �haðh3, h1, h2, p½ �½ �Þ � haðh3, h2, p, h1½ �½ �Þ
¼ Haðh1 � ðh2 � h3ÞÞð p½ �Þ �Haðh2 � ðh1 � h3ÞÞð p½ �Þ:

So

h1, h2½ � � h3 ¼ h1 � ðh2 � h3Þ � h2 � ðh1 � h3Þ:
This shows that � is left symmetric. It is obvious that h � ha � ha:

2. Now consider a, b 2 f1, :::, kg, p, q 2 p and h 2 ha then

0 ¼ hbð p, q½ �, hÞ þ hbð q, h½ �, pÞ þ hbð h, p½ �, qÞ
¼ hbð p, q½ �p, hÞ þ haðq ? a,bp, hÞ � haðp ? a, bq, hÞ:

So if a 6¼ b we get p ? a,bq ¼ q ? a, bp and if a ¼ b we get

p, q½ �p ¼ p ? a, aq� q ? a, ap:

3. For any a, b 2 p� and any q 2 p,

� a � abb, q 	 ¼� ibði�1
a ðaÞ � i�1

b ðbÞÞ, q 	
¼ hbði�1

a ðaÞ � i�1
b ðbÞ, qÞ

¼ð1Þ �hbði�1
b ðbÞ, i�1

a ðaÞ, q� �Þ
¼ð2Þ � b,/qði�1

a ðaÞÞ 	
¼� a � acb, q 	 :

We have

a � aðb � bcÞ � ða � abÞ � bc ¼ a � abðb � bbcÞ � ða � abbÞ � bbc

¼ ib i�1
a ðaÞ � ði�1

b ðbÞ � i�1
b ðcÞÞ

h i
� ib ði�1

a ðaÞ � i�1
b ðbÞÞ � i�1

b ðcÞ
h i

,

b � bða � acÞ � ðb � baÞ � ac ¼ b � bbða � abcÞ � ðb � baaÞ � abc

¼ ib i�1
b ðbÞ � ði�1

a ðaÞ � i�1
b ðcÞÞ

h i
� ib ði�1

b ðbÞ � i�1
a ðaÞÞ � i�1

b ðcÞ
h i

:

Hence the two expressions are equal due to item 1. This completes the proof. w

We consider Uðp, kÞ ¼ p� ðp�Þk and we endow ðp�Þk with the product � given by

ða1, :::, akÞ � ðb1, :::, bkÞ ¼
Xk
a¼1

aa � ab1, :::,
Xk
a¼1

aa � abk

 !
: (6)

We define / : ðp�Þk 
 p� ! p� and w : p
 pk ! pk by

/ðða1, :::, akÞ, bÞ ¼ /ða1, :::, akÞb ¼
Xk
a¼1

Laaab,

wðq, ðp1, :::, pkÞÞ ¼ wqðp1, :::, pkÞ ¼
Xk
a¼1

La, 1q pa, :::, L
a, k
q pa

� 	
:

8>>>><
>>>>:

(7)
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where Laa : p
� ! p�, b 7! a � ab and La, bq : p ! p, p 7! q ? a, bp, and we endow Uðp, kÞ with the

bracket ½, �n

a, b½ �n ¼ a � b� b � a, ifa, b 2 ðp�Þk
p, q½ �n ¼ p, q½ �, ifp, q 2 p

a, p½ �n ¼ /�
aðpÞ � w�

pa, ifa 2 ðp�Þk, p 2 p

8><
>: (8)

where

� b,/�
aðpÞ 	¼ � � /ab, p 	 and � w�

pa, ðp1, :::, pkÞ 	¼ � � a,wpðp1, :::, pkÞ 	 :

Finally, we define also a family of 2-forms qa on Uðp, kÞ, a ¼ 1, :::, k by

qaðpþ ða1, :::, akÞ, qþ ðb1, :::, bkÞÞ ¼� aa, q 	 � � ba, p 	 : (9)

Theorem 2.1. Let ðg, ½, �, h1, :::, hk, h, pÞ be a k-para-K€ahler Lie algebra. Then F : g ! Uðp, kÞ, ðh1 þ
:::þ hk þ pÞ 7! ðp, i1ðh1Þ, :::, ikðhkÞÞ is a linear isomorphism which sends the Lie bracket on g to ½, �n
and the ha to the qa and hence ðUðp, kÞ, ½, �n, ðp�Þk, q1, :::, qkÞ is a k-para-K€ahler Lie algebra.

Proof. It is obvious that F is an isomorphism. Let us show that F sends ½, � to ½, �n and the ha to
the qa: Let ha 2 ha and hb 2 hb: Then

Fð ha, hb
� �Þ ¼ Fðha � hbÞ � Fðhb � haÞ

¼ð4Þ Fði�1
b iaðhaÞ � aibðhbÞ
� �Þ � Fði�1

a ibðhbÞ � biaðhaÞ
� �Þ

¼ð6Þ FðhaÞ � FðhbÞ � FðhbÞ � FðhbÞ:
It is obvious from (2) and Proposition 2.1 that, for any p, q 2 p, Fð½p, q�Þ ¼ ½FðpÞ, FðqÞ�n: Let

h ¼ h1 þ :::þ hk 2 h and p 2 p: We have

Fð h, p½ �Þ ¼
Xk
a¼1

Fð ha, p½ �Þ

¼
Xk
a¼1

Fð ha , p½ �pÞ �
Xk
a¼1

Fð p, ha½ �hÞ

¼ð2Þ
Xk
a¼1

/haðpÞ �
Xk
a¼1

i1ð/pðhaÞÞ, :::, ikð/pðhaÞÞ
� �

:

We use here the convention that iaðhbÞ ¼ 0 when hb 2 hb and a 6¼ b: For any a 2 p� and b 2
f1, :::, kg, we have

� a,/haðpÞ 	 ¼ hbði�1
b ðaÞ,/haðpÞÞ

¼ hbði�1
b ðaÞ, ha, p½ �Þ

¼ð1Þ �hbðha � i�1
b ðaÞ, pÞ

¼ð4Þ � � iaðhaÞ � aa, p 	
¼� a, ðLaFðhaÞaÞ

�p 	 :
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Thus /haðpÞ ¼ ðLaFðhaÞaÞ
�p: On the other hand, for any q 2 p,

� ibð/pðhaÞÞ, q 	 ¼ hbð ha, p½ �, qÞ
¼ð3Þ haðp ? a, bq, haÞ
¼ � � iaðhaÞ, p ? a,bq 	
¼� ðLa, bp Þ�ðiaðhaÞÞ, q 	 :

Thus ibð/pðhaÞÞ ¼ ðLa,bp Þ�ðiaðhaÞÞ: Therefore

Fð h, p½ �Þ ¼
Xk
a¼1

/haðpÞ �
Xk
a¼1

i1ð/pðhaÞÞ, :::, ikð/pðhaÞÞ
� �

:

¼
Xk
a¼1

ðLaFðhaÞaÞ
�p�

Xk
a¼1

ðLa, 1p Þ�ðiaðhaÞÞ, :::, ðLa, kp Þ�ðiaðhaÞÞ
� 	

¼ /�
FðhÞðFðpÞÞ � w�

FðpÞðFðhÞÞ
and we get that Fð½h, p�Þ ¼ ½FðhÞ, FðpÞ�n: To conclude, one can check easily that F sends ha to qa: w

To study the converse, we introduce two algebraic structures which appeared naturally in our
study above.

Definition 2.2. A k-left symmetric algebra is a real vector space A endowed with k left symmet-
ric products � 1, :::, � k such that one of the following equivalent assertions hold:

1. For any a,b 2 f1, :::, kg and for any a, b, c 2 A,

a � aðb � bcÞ � ða � abÞ � bc ¼ b � bða � acÞ � ðb � baÞ � ac: (10)

2. ðAk, �Þ is a left symmetric algebra where � is given by

ða1, :::, akÞ � ðb1, :::, bkÞ ¼
Xk
a¼1

aa � ab1, :::,
Xk
a¼1

aa � abk

 !
: (11)

In this case the map / : Ak �A ! A given by

/ðða1, :::, akÞ, bÞ ¼ /ða1, :::, akÞb ¼
Xk
a¼1

Laaab (12)

defines a representation of the Lie algebra ðAk, ½, �Þ in A where ½a, b� ¼ a � b� b � a:
Indeed, the two relations (10) and (11) are equivalent. In fact, for any a, b, c 2 Ak we have

ða � bÞ � c ¼
Xk
a¼1

ðaa � ab1Þ, :::,
Xk
a¼1

ðaa � abkÞ
 !

� c

¼
Xk
a¼1

Xk
b¼1

ðaa � abbÞ � bc1, ::::,
Xk
a¼1

Xk
b¼1

ðaa � abbÞ � bck

0
@

1
A,

a � ðb � cÞ ¼ a �
Xk
b¼1

ðbb � bc1Þ, :::,
Xk
b¼1

ðbb � bckÞ
0
@

1
A

¼
Xk
a¼1

Xk
b¼1

aa � aðbb � bc1Þ, :::,
Xk
a¼1

Xk
b¼1

aa � aðbb � bckÞ
0
@

1
A:

8 H. ABCHIR ET AL.



Then

assða, b, cÞ ¼ ð
Xk
a¼1

Xk
b¼1

½ðaa � abbÞ � bc1

� aa � aðbb � bc1Þ �, :::,
Xk
a¼1

Xk
b¼1

ðaa � abbÞ � bck � aa � aðbb � bckÞ
� ��

where assða, b, cÞ ¼ ða � bÞ � c� a � ðb � cÞ: Similarly, we have

assðb,a,cÞ¼
�Xk

a¼1

Xk
b¼1

ðbb�baaÞ�ac1�bb�bðaa�ac1Þ
� �

,:::,
Xk
a¼1

Xk
b¼1

ðbb�baaÞ�ack�bb�bðaa�ackÞ
� ��

But � is left symmetric if and only if, for any a, b 2 f1, :::, kg and any a ¼ ð0, :::, aa, :::, 0Þ, b ¼
ð0, :::, ba, :::, 0Þ and c 2 Ak, assða, b, cÞ ¼ assðb, a, cÞ which gives the equivalence. Moreover, if (10)
or (11) holds then, for any a, b 2 Ak and any c 2 A, we have

/ð a, b½ �, cÞ ¼ /ða � b, cÞ � /ðb � a, cÞ

¼
Xk
a¼1

/ððaa � ab1, :::, aa � abkÞ, cÞ � /ððba � aa1, :::, ba � aakÞ, cÞð Þ

¼
Xk
a¼1

Xk
b¼1

Lbaa � abb
c� Lbba � aab

c
� 	

¼ð10Þ
Xk
a¼1

Xk
b¼1

LaaaðL
b
bb
cÞ � LbbbðLaaacÞ

� 	

¼
Xk
a¼1

Laaa ,
Xk
b¼1

Lbbb

2
4

3
5c

¼ /ða, :Þ,/ðb, :Þ½ �ðcÞ:
This shows that / defines a representation of the Lie algebra ðAk, ½, �Þ in A:

Definition 2.3. A ðk� kÞ-left symmetric algebra is a vector space B endowed with a k� k-matrix
ð ? a, bÞ1
a,b
k of products such that:

1. For any a,b and for any p, q 2 B,

p ? a, aq� q ? a, ap ¼ p ? b, bq� q ? b, bp ¼ p, q½ �:
2. ? a, b are commutative when a 6¼ b,
3. the map w : B
Bk ! Bk given by

wðq, ðp1, :::, pkÞÞ ¼ wqðp1, :::, pkÞ ¼
L1, 1q ::: Lk, 1q

..

. ..
.

L1, kq ::: Lk, kq

0
BB@

1
CCA

p1
..
.

pk

0
B@

1
CA ¼

Xk
a¼1

La, 1q pa, :::, L
a, k
q pa

� 	

(13)

satisfies

w p, q½ � ¼ wp,wq
� �

: (14)
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We will show now that if B is ðk� kÞ-left symmetric algebra then, for any a ¼ 1, :::, k, ? a, a is
Lie admissible. In order to do so, we will use the Bianchi identity. Indeed, let ðA, ? Þ be an alge-
bra and ½, � the associated bracket given by ½a, b� ¼ a ? b� b ? a: The curvature of ? is given by

Rða, bÞ ¼ L a, b½ � � La, Lb½ �,
where Lab ¼ a ? b: The Bianchi identity is given byþ

a, b, c
Rða, bÞc ¼

þ
a, b, c

a, b½ �, c½ �,

where
Þ
denotes the cyclic sum. Thus ? is Lie admissible if and only if

Þ
Rða, bÞc ¼ 0:

Proposition 2.2. Let B be ðk� kÞ-left symmetric algebra. Then, the relation (14) is equivalent to

La, cp, q½ � ¼
Xk
b¼1

Lb, cp � La,bq � Lb, cq � La, bp

h i
, (15)

for any p, q 2 p and any a, c. Moreover, ? a, a is Lie admissible and ½, � is a Lie bracket and hence w
is a representation of the Lie algebra ðB, ½, �Þ:

Proof. The fact that (14) is equivalent to (15) can be deduced by a direct computation from (13).
Indeed, for a ¼ 1, :::, k and for any p, q, pa 2 p,

wð p, q½ �, ð0, :::, 0, pa, 0, :::, 0ÞÞ ¼ La, 1p, q½ �pa, :::, L
a, k
p, q½ �pa

� 	
,

wp � wqðð0, :::, 0, pa, 0, :::, 0ÞÞ ¼ wp La, 1q pa, :::, L
a, k
q pa

� 	

¼
Xk
b¼1

Lb, 1p � La, bq pa, :::, L
b, k
p � La, bq pa

� 	
,

wq � wpðð0, :::, 0, pa, 0, :::, 0ÞÞ ¼
Xk
b¼1

Lb, 1q � La, bp pa, :::, L
b, k
q � La, bp pa

� 	
:

where ð0, :::, 0, pa, 0, :::, 0Þ 2 pk with pa its a-component and zero elsewhere. Thus, the equivalence
of (14) and (15) follows.

Now we will use the Bianchi identity to show that ? a, a is Lie admissible. Indeed, by virtue of
(15), the curvature of ? a, a is given by

Raðp, qÞr ¼ La, ap, q½ �r � La, ap , La, aq

h i
ðrÞ ¼

Xk
a 6¼b¼1

Lb, ap � La, bq r � Lb, aq � La, bp r
h i

:

One can deduce easily that þ
p, q, r

Raðp, qÞr ¼ 0:

w

Example 1.
1. Note that the notions of 1-left symmetric algebra and ð1� 1Þ-left symmetric algebra are the

same and correspond to the classical notion of left symmetric algebra.
2. If ðA, � Þ is a left-symmetric algebra, then ðA, � 1 ¼ � , :::, � k ¼ � Þ is a k-left symmet-

ric algebra.
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3. If � 1, :::, � k are left symmetric products on B such that a � ab� b � aa ¼ a � bb� b � ba for
any a, b then ðB, ð ? a, bÞ1
a
b
kÞ is ðk� kÞ-left symmetric algebra where ? a, b ¼ 0 if a 6¼ b
and ? a, a ¼ � a:

It turns out that as a para-K€ahler Lie algebra is built from two compatible left symmetric alge-
bras (see [5, 8]), a k-para-K€ahler Lie algebras is built from a k-left symmetric algebra and a
ðk� kÞ-left symmetric algebra compatible in some sense.

Let p be a vector space of dimension n such that:

1. p carries a structure ð½, �p, ð ? a, bÞ1
a, b
kÞ of ðk� kÞ-left symmetric algebra,
2. p� carries a structure ð � 1, :::, � kÞ of k-left symmetric algebra.

Define on Uðp, kÞ ¼ p� ðp�Þk the bracket

a, b½ � ¼ a � b� b � a, p, q½ � ¼ p, q½ �p and a, p½ � ¼ /�
aðpÞ � w�

pa, a, b 2 ðp�Þk, p, q 2 p, (16)

and the family ðq1, :::, qkÞ of 2-forms given by (9).
The vector space ðp�Þk has a structure of Lie algebra ½, � and / is a representation of this Lie

algebra and p has a structure of Lie algebra ½, �p and w is a representation of this Lie algebra struc-
ture. We denote by /T : p ! pk 
 p and wT : ðp�Þk ! ðp�Þ 
 ðp�Þk the dual of / : ðp�Þk 
 p� !
p� and w : p
 pk ! p:

The following theorem is a generalization of a result first obtained in [5, Theorem 4.1] and
recovered in [8, Proposition 3.3].

Theorem 2.2. ðUðp, kÞ, ½, �Þ is a Lie algebra if and only if

1. /T : p ! pk 
 p is a 1-cocycle of ðp, ½, �pÞ with respect to the representation w
 ad, i.e.,

/Tð p,q½ �pÞðða1,:::,akÞ,bÞ¼/TðpÞðða1,:::,akÞ,ad�qbÞþ/TðpÞðw�
qða1,:::,akÞ,bÞ�/TðqÞðða1,:::,akÞ,ad�pbÞ

�/TðqÞðw�
pða1,:::,akÞ,bÞ:

2. wT : ðp�Þk ! ðp�Þ 
 ðp�Þk is a 1-cocycle of ððp�Þk, ½, �Þ with respect to the representation /
 ad
and ½, � is given by ½a, b� ¼ a � b� b � a, i.e.,
wTð a,b½ �Þðp,ðq1,:::,qkÞÞ¼wTðaÞðp,ad�bðq1,:::,qkÞÞþwTðaÞð/�

bp,ðq1,:::,qkÞÞ�wTðbÞðp,ad�aðq1,:::,qkÞÞ

�wTðbÞð/�
ap,ðq1,:::,qkÞÞ:

In this case ðUðp, kÞ, ½, �, ðp�Þk, q1, :::, qkÞ is a k-para-K€ahler Lie algebra. Moreover, all k-para-
K€ahler Lie algebras are obtained in this way.

Proof. We will show that the bracket given by (16) satisfies the Jacobi identity if and only if the
equations in the statement of the theorem hold. Note first that since the bracket on p and ðp�Þk
are Lie brackets then the bracket given by (16) satisfies the Jacobi identity for any p, q, r 2 p and
any a, b, c 2 ðp�Þk: Let a 2 ðp�Þk and p, q 2 p: We have

p, q½ �, a½ � ¼ w�
p, q½ �pa� /�

að p, q½ �pÞ,
q, a½ �, p½ � ¼ w�

qa, p
h i

� /�
aq, p

� � ¼ /�
w�
qa
p� w�

pw
�
qa� /�

aq, p
� �

p
,

a, p½ �, q½ � ¼ w�
qw

�
pa� /�

w�
pa
qþ /�

ap, q
� �

p
:
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According to Proposition 2.2, w is a representation and so is w� and hence

Jðp,q,aÞ :¼ p,q½ �,a½ �þ q,a½ �,p½ �þ a,p½ �,q½ � ¼/�
w�
qa
p�/�

w�
pa
q�/�

að p,q½ �pÞþ /�
ap,q

� �
p
� /�

aq,p
� �

p
2 p:

Now, for any b 2 p�, we have

� b, Jðp,q,aÞ	¼��/ðw�
qa,bÞ,p	þ�/ðw�

pa,bÞ,q	þ�/ða,bÞ, p,q½ �p 	þ� b, /�
ap,q

� �
p
	

�� b, /�
aq,p

� �
p
	

¼��ðw�
qa,bÞ,/TðpÞ	þ�ðw�

pa,bÞ,/TðqÞ	þ�ða,bÞ,/Tð p,q½ �pÞ	þ� ad�qb,/
�
ap	

�� ad�pb,/
�
aq	

¼��ðw�
qa,bÞ,/TðpÞ	þ�ðw�

pa,bÞ,/TðqÞ	þ�ða,bÞ,/Tð p,q½ �pÞ	
�� ða, ad�qbÞ,/TðpÞ	þ�ða, ad�pbÞ,/TðqÞ	 :

The vanishing of Jðp, q, aÞ gives the first relation in the theorem. A similar computation gives
the second relation. w

A ðk� kÞ-left symmetric algebra structure on p and a k-left symmetric left algebra structure
on p� are called compatible if they satisfy the conditions of Theorem 2.2.

Example 2.
1. Any k-left symmetric algebra structure on p� is compatible with the trivial ðk� kÞ-left sym-

metric algebra structure on p:
2. Any ðk� kÞ-left symmetric algebra structure on p is compatible with the trivial k-left sym-

metric algebra structure on p�:

We end this section by giving a way of building k-left symmetric algebras. The following is a
generalization of a construction given by S. Gelfand.

Proposition 2.3. Let ðA, :Þ be a commutative associative algebra and D1, D2 two derivations of
ðA, :Þ which commute. Then the two products

a � 1b ¼ a:D1b and a � 2b ¼ a:D2b

are left symmetric and compatible in the sense of (10).

Proof. We have, for any a, b 2 A, the left multiplication of � i is Lia ¼ La � Di, where La is the
left multiplication of the product on A. By virtue of (10), � 1 and � 2 are compatible if and only
if

Q :¼ La � D1, Lb � D2½ � � La:D1b � D2 þ Lb:D2a � D1 ¼ 0:

Let us compute:

Q ¼ La � D1, Lb � D2½ � � La:D1b � D2 þ Lb:D2a � D1

¼ La � D1 � Lb � D2 � Lb � D2 � La � D1 � La � LD1b � D2 þ Lb � LD2a � D1

¼ La � D1 � Lb � D2 � Lb � D2 � La � D1 � La � D1, Lb½ � � D2 þ Lb � D2, La½ � � D1

¼ La � Lb � D1 � D2 � Lb � La � D2 � D1

¼ Lab � D1,D2½ � ¼ 0

which completes the proof. w
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Example 3. We consider R4 endowed with the associative commutative product

e1:e1 ¼ e1, e1:e2 ¼ e2:e1 ¼ e2, e1:e3 ¼ e3:e1 ¼ e3, e1:e4 ¼ e4:e1 ¼ e4:

We consider the two derivations

D1 ¼
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775 and D2 ¼

0 0 0 0
0 0 a b
0 0 0 c
0 0 0 0

2
664

3
775

These two derivations commute and, according to Proposition 2.3, they define a 2-left sym-
metric structure on R4 by

e1 � 1ei ¼ ei, i ¼ 2, 3, 4, e1 � 2e3 ¼ ae2 and e1 � 2e4 ¼ be2 þ ce3:

3. Exact k-para-K€ahler Lie algebras

In this section, we start with a k-left symmetric algebra structure on p� and we look for a com-
patible ðk� kÞ-left symmetric algebra structure on p such that wT is a coboundary leading to the
generalization of the results obtained in the case k¼ 1 in [5, 8].

Let p be a vector space of dimension n. Suppose that p� is endowed with a k-left symmetric
algebra structure ð � 1, :::, � kÞ and we consider / : ðp�Þk � p� ! p� the associated representation
given by

/ða, qÞ ¼ Laq ¼
Xk
a¼1

Laaaq ¼
Xk
a¼1

aa � aq, a ¼ ða1, :::, akÞ 2 ðp�Þk,q 2 p�:

The left symmetric product on ðp�Þk is given by

a � b ¼ Lab ¼ ð/ða, b1Þ, :::,/ða, bkÞÞ and a, b½ � ¼ a � b� b � a:
Let r 2 p� 
 ðp�Þk and we define w : p
 ðpÞk ! pk by

� a,wðp, uÞ 	¼ �rð/�
ap, uÞ � rðp, ad�auÞ, p 2 p, u 2 pk, a 2 ðp�Þk:

If we define r : p ! ðp�Þk by � rðpÞ, u 	¼ rðp, uÞ, we get

� a,wðp, uÞ 	¼ LaðrÞðp, uÞþ � a, L�rðpÞu 	 , (17)

where

LaðrÞðp, uÞ ¼ �rðL�ap, uÞ � rðp, L�auÞ:
Note that

rðp, uÞ ¼
Xk
a¼1

rðp, ð0, :::, ua, :::, 0ÞÞ ¼
Xk
a¼1

raðp, uaÞ ¼
Xk
a¼1

aaðp, uaÞ þ saðp, uaÞ
� �

,

where ra ¼ aa þ sa 2 p� 
 p�, aa its skew-symmetric part and sa its symmetric part. On the other
hand, we define the family of products ? a, b on p by

wðp, uÞ ¼
Xk
a¼1

wðp, ð0, :::, ua, :::, 0ÞÞ ¼
Xk
a¼1

ðp ? a, 1ua, :::, p ? a, kuaÞ:

Let us see now under which conditions w defines a ðk� kÞ-left symmetric algebra structure on
p such that /T is a 1-cocycle of ðp, ½, �pÞ with respect to the representation w
 ad:
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Let us start by studying under which conditions the family of products ? a,b is adapted to
our purpose.

Proposition 3.1. For any a, b 2 f1, :::, kg with a 6¼ b and for any q 2 p� and p, q 2 p,

� q, p ? a, aq 	¼ LaqðraÞðp, qÞþ � q, L�rðpÞq 	 and � q, p ? a, bq 	¼ LbqðraÞðp, qÞ:
Thus ? a, b is commutative when a 6¼ b if and only if LbqðaaÞ ¼ 0 and

� q, p ? a, bq 	¼ LbqðsaÞðp, qÞ:
Moreover, ½p, q�p ¼ p ? a, aq� q ? a, ap is independent of a if and only if LaqðaaÞ ¼ LbqðabÞ for any

a,b. In this case

� q, p, q½ �p 	¼ 2LaqðaaÞðp, qÞþ � q, L�rðpÞq� L�rðqÞp 	 :

Proof. For any a 2 f1, :::, kg and q 2 p�, we define qa 2 ðp�Þk by qai ¼ qdia, where d denotes the
Kronecker symbol.

Put

wðp, hÞ ¼
Xk
a¼1

wðp, ð0, :::, ha, :::, 0ÞÞ ¼
Xk
a¼1

ðp ? a, 1ha, :::, p ? a, khaÞ:

We have, for any q 2 p� and p, q 2 p and a, b 2 f1, :::, kg
� q, p ? a,bq 	¼� qb,wðp, qaÞ 	¼ LqbðrÞðp, qaÞþ � qb, L�rðpÞq

a 	 :

But � qb, L�rðpÞq
a 	¼ dab � q, L�rðpÞq 	 and

LqbðrÞðp, qaÞ ¼ �rððLbqÞ�p, qaÞ � rðp, L�qbqaÞ ¼ �raððLbqÞ�p, qÞ � raðp, ðLbqÞ�qÞ:
Thus

� q, p ? a, aq 	¼ LaqðraÞðp, qÞþ � q, L�rðpÞq 	 ,

and if a 6¼ b,

� q, p ? a, bq 	¼ LbqðraÞðp, qÞ:
So we get

� q, p, q½ �p 	¼ 2LaqðaaÞðp, qÞþ � q, L�rðpÞq� L�rðqÞp 	 , q 2 p�, p, q 2 p:

So we must have LaqðaaÞ ¼ LbqðabÞ for any a, b: Thus ? a, b is commutative when a 6¼ b if and
only if LbqðaaÞ ¼ 0 and

� q, p ? a, bq 	¼ LbqðsaÞðp, qÞ:
w

We suppose that, for any a, b 2 f1, :::, kg with a 6¼ b and for any q 2 ðpÞ�,
LbqðaaÞ ¼ 0 and LaqðaaÞ ¼ LbqðabÞ:

So we get

LaðaÞðp, uÞ ¼
X
a,b

LaaaðabÞðp, ubÞ ¼
Xk
a¼1

LaaaðaaÞðp, uaÞ:

So

� q, p, q½ �p 	¼ 2LðaÞðq, p, qÞþ � q, L�rðpÞq� L�rðqÞp 	 , q 2 p�, p, q 2 p: (18)
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where LðaÞ 2 p
 p� 
 p� is given by

LðaÞðq, p, qÞ ¼ LaqðaaÞðp, qÞ, a ¼ 1, :::, k: (19)

The second step is to see under which conditions w defines a ðk� kÞ-left symmetric algebra
structure on p and /T is a 1-cocycle of ðp, ½, �pÞ with respect to the representation w
 ad, i.e.,

P :¼� a,wð p, q½ �p, uÞ 	 � � a,wðp,wðq, uÞÞ 	 þ � a,wðq,wðp, uÞÞ 	¼ 0,

Q :¼ /Tð p, q½ �pÞða, qÞ � /TðpÞða, ad�qqÞ � /TðpÞðw�
qa,qÞ þ /TðqÞða, ad�pqÞ þ /TðqÞðw�

pa, qÞ ¼ 0

(

for any a 2 ðp�Þk, u 2 pk and p, q 2 p, q 2 p� and

w�
pa ¼ �ðLaðrÞÞðpÞ þ LrðpÞa ¼ �ðLaðrÞÞðpÞ þ rðpÞ � a and /TðpÞða,qÞ ¼� Laq, p 	 :

Let us compute Q.

Q ¼ /Tð p, q½ �pÞða,qÞ � /TðpÞða, ad�qqÞ � /TðpÞðw�
qa, qÞ þ /TðqÞða, ad�pqÞ þ /TðqÞðw�

pa, qÞ
¼� Laq, p, q½ �p 	 � � Laad

�
qq, p 	 þ � LðLaðrÞÞðqÞq, p 	 � � LrðqÞ�aq, p 	

þ � Laad
�
pq, q 	 � � LðLaðrÞÞðpÞq, q 	 þ � LrðpÞ�aq, q 	 :

Then

Q ¼ 2LðaÞðLaq, p, qÞ� � Laq, L
�
rðqÞp 	 þ � Laq, L

�
rðpÞq 	 � � q, q, L�ap

� �
p
	

þ � LðLaðrÞÞðqÞq, p 	 � � LrðqÞ�aq, p 	 � � LðLaðrÞÞðpÞq, q 	 þ � LrðpÞ�aq, q 	
þ � q, p, L�aq

� �
p
	

¼ 2LðaÞðLaq, p, qÞ þ 2LðaÞðq, p, L�aqÞ þ 2LðaÞðq, L�ap, qÞ
þ � q, L�rðpÞL

�
aq 	 � � q, L�rðL�aqÞp 	 � � q, L�rðqÞL

�
ap 	 þ � q, L�rðL�apÞq 	

þ � q, L�aL
�
rðqÞp 	 � � q, L�aL

�
rðpÞq 	

� � q, L�ðLaðrÞÞðqÞp 	 þ � q, L�rðqÞ�ap 	 þ � q, L�ðLaðrÞÞðpÞq 	 � � q, L�rðpÞ�aq 	
¼ 2LðaÞðLaq, p, qÞ þ 2LðaÞðq, p, L�aqÞ þ 2LðaÞðq, L�ap, qÞþ � q,Aðp, qÞ � Aðq, pÞ 	 ,

where

Aðp, qÞ ¼ L�rðpÞL
�
aqþ L�rðL�apÞq� L�aL

�
rðpÞqþ L�ðLaðrÞÞðpÞq� L�rðpÞ�aq:

But

rðL�apÞ þ ðLaðrÞÞðpÞ ¼ a � rðpÞ (20)

and hence

Aðp, qÞ ¼ L�rðpÞ, L
�
a

h i
q� L�

rðpÞ, a½ �q ¼ 0:

Finally,

Q ¼ 2LðaÞðLaq, p, qÞ þ 2LðaÞðq, p, L�aqÞ þ 2LðaÞðq, L�ap, qÞ:
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Now let us compute P. We split it in three parts.

P1 ¼� a,wð p, q½ �p, uÞ 	
¼ LaðrÞð p, q½ �p, uÞþ � a, L�rð p, q½ �pÞu 	
¼ �rðL�a p, q½ �p, uÞ � rð p, q½ �p, L�auÞþ � a, L�rð p, q½ �pÞu 	 ,

P2 ¼ � � a,wðp,wðq, uÞÞ 	
¼ � � ðLaðrÞÞðpÞ,wðq, uÞ 	 þ � rðpÞ � a,wðq, uÞ 	
¼ �LðLaðrÞÞðpÞðrÞðq, uÞ� � LaðrÞðpÞ, L�rðqÞu 	 þLrðpÞ�aðrÞðq, uÞþ � rðpÞ � a, L�rðqÞu 	
¼ð20Þ �La�rðpÞðrÞðq, uÞ þ LrðL�apÞðrÞðq, uÞ � LaðrÞðp, L�rðqÞuÞ � rðL�rðpÞ�aq, uÞ � rðq, L�rðpÞ�auÞ
� � a, L�rðpÞ � L�rðqÞu 	 :

So

P1 ¼ �rðL�a p, q½ �p, uÞ � rð p, q½ �p, L�auÞþ � a, L�rð p, q½ �pÞu 	 ,

P2 ¼ rðL�a�rðpÞq, uÞ þ rðq, L�a�rðpÞuÞ � rðL�rðL�apÞq, uÞ � rðq, L�rðL�apÞuÞ
þ rðL�ap, L�rðqÞuÞ þ rðp, L�aL�rðqÞuÞ � rðL�rðpÞ�aq, uÞ � rðq, L�rðpÞ�auÞ� � a, L�rðpÞ � L�rðqÞu 	

¼ rðL�
a, rðpÞ½ �q, uÞ þ rðq, L�

a, rðpÞ½ �uÞ � rðL�rðL�apÞq, uÞ � rðq, L�rðL�apÞuÞ
þ rðL�ap, L�rðqÞuÞ þ rðp, L�aL�rðqÞuÞ� � a, L�rðpÞ � L�rðqÞu 	

P3 ¼� a,wðq,wðp, uÞÞ 	
¼ �rðL�

a, rðqÞ½ �p, uÞ � rðp, L�
a, rðqÞ½ �uÞ þ rðL�rðL�aqÞp, uÞ þ rðp, L�rðL�aqÞuÞ

� rðL�aq, L�rðpÞuÞ � rðq, L�aL�rðpÞuÞþ � a, L�rðqÞ � L�rðpÞu 	
Thus if we put DðrÞðp, qÞ ¼ rð½p, q�pÞ � ½rðpÞ, rðqÞ� then

P ¼ �rðL�a p, q½ �p, uÞ � rð p, q½ �p, L�auÞþ � a, L�DðrÞðp, qÞu 	
þ rðL�

a, rðpÞ½ �q, uÞ � rðq, L�rðpÞL�auÞ � rðL�rðL�apÞq, uÞ � rðq, L�rðL�apÞuÞ
þ rðL�ap, L�rðqÞuÞ � rðL�

a, rðqÞ½ �p, uÞ þ rðp, L�rðqÞ � L�auÞ þ rðL�rðL�aqÞp, uÞ þ rðp, L�rðL�aqÞuÞ
� rðL�aq, L�rðpÞuÞ

¼ rðs, uÞ � rð p, q½ �p, L�auÞþ � a, L�DðrÞðp, qÞu 	 þrðp, L�rðqÞ � L�auÞ � rðq, L�rðpÞL�auÞ
þ rðL�ap, L�rðqÞuÞ � rðq, L�rðL�apÞuÞ þ rðp, L�rðL�aqÞuÞ � rðL�aq, L�rðpÞuÞ,

with

s ¼ �L�a p, q½ �p þ L�
a, rðpÞ½ �q� L�

a, rðqÞ½ �p� L�rðL�apÞqþ L�rðL�aqÞp:

Let us simplify the part of P given by

T ¼ �rð p, q½ �p, L�auÞ þ rðp, L�rðqÞ � L�auÞ � rðq, L�rðpÞL�auÞþ � a, L�DðrÞðp, qÞu 	 :
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We have

T ¼ �rð p, q½ �p, L�auÞ þ rðp, L�rðqÞ � L�auÞ � rðq, L�rðpÞL�auÞþ � a, L�DðrÞðp, qÞu 	
¼ � � rð p, q½ �pÞ, L�au 	 � � rðqÞ, rðpÞ� �

, L�au 	 þ � a, L�DðrÞðp, qÞu 	
¼� a,DðrÞðp, qÞ� �

, u 	 :

On the other hand,

rðp, L�rðL�aqÞuÞ � rðL�aq, L�rðpÞuÞ ¼� rðpÞ, L�rðL�aqÞu 	 � � rðL�aqÞ, L�rðpÞu 	¼� rðpÞ, rðL�aqÞ
� �

, u 	 :

So

P ¼ rðs, uÞþ � a,DðrÞðp, qÞ� �
, u 	 þ � rðpÞ, rðL�aqÞ

� �
, u 	 � � rðqÞ, rðL�apÞ

� �
, u 	 :

From (18), we have

� q, p, q½ �p 	¼ 2LðaÞðq, p, qÞþ � q, L�rðpÞq� L�rðqÞp 	 , q 2 p�, p, q 2 p: (21)

where LðaÞ is given by (19). Let us simplify the expression of s. We have

�L�a p, q½ �p ¼ 2LðaÞðLa � , p, qÞ � L�aL
�
rðpÞqþ L�aL

�
rðqÞp,

�L�rðL�apÞq ¼ q, L�ap
� �

p
� L�rðqÞL

�
apþ 2LðaÞð � , L�ap, qÞ,

L�rðL�aqÞp ¼ � p, L�aq
� �þ L�rðpÞL

�
aqþ 2LðaÞð � , p, L�aqÞ:

So

s ¼ 2LðaÞðLa � , p, qÞ þ 2LðaÞð � , L�ap, qÞ þ 2LðaÞð � , p, L�aqÞ � L�ap, q
� �

p
� p, L�aq
� �

p
:

So, we get

P ¼� a,DðrÞðp, qÞ� �þ rðPðaÞðLðaÞÞÞ � DðrÞðL�ap, qÞ � DðrÞðp, L�aqÞ, u 	 ,

where

� q,PðaÞðLðaÞÞ 	¼ 2LðaÞðLaq, p, qÞ þ 2LðaÞðq, L�ap, qÞ þ 2LðaÞðq, p, L�aqÞ:
So far, we have proved the following theorem.

Theorem 3.1. Let p be a vector space of dimension n such that p� is endowed with a k-left symmet-
ric algebra structure ð � 1, :::, � kÞ and r ¼ ðs1 þ a1, :::, sk þ akÞ 2 p� 
 ðp�Þk such that, for any a 6¼
b and for any q 2 p�,

LaqðabÞ ¼ 0 and LaqðaaÞ ¼ LbqðabÞ ¼: LðaÞðq, :, :Þ:
Then w given by (17) defines a ðk� kÞ-left symmetric structure on p compatible with the k-left

symmetric structure of ðp�Þk if and only if, for any a 2 ðp�Þk and p, q 2 p,

a,DðrÞðp, qÞ� �þ LaðDðrÞÞðp, qÞ ¼ 0, DðrÞðp, qÞ ¼ rð p, q½ �pÞ � rðpÞ, rðqÞ� �

and, for any a 2 ðp�Þk,q 2 p�, p, q 2 p,

LðaÞðLaq, p, qÞ þ LðaÞðq, L�ap, qÞ þ LðaÞðq, p, L�aqÞ ¼ 0:

An important consequence of this theorem is the introduction of the generalization of S-matri-
ces (see [5, 8]).
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Definition 3.1. Let r ¼ ðr1, :::, rkÞ be a family of symmetric elements of A 
A where A has a
structure of k-left symmetric algebra ð � 1, :::, � kÞ: We call r a Sk-matrix if, for any
a ¼ 1, :::, k, p, q 2 A�,

rað p, q½ ��Þ ¼
Xk
b¼1

rbðpÞ � br
aðqÞ � rbðqÞ � br

aðpÞ
h i

,

where

p, q½ �� ¼
Xk
b¼1

ðLbrbðpÞÞ�q� ðLbrbðqÞÞ�p
h i

:

Example 4.
1. Let ðA, � Þ be a left symmetric algebra and r 2 A 
A be a classical S-matrix, i.e., r satisfies

r L�rðpÞq� L�rðpÞq
� 	

¼ rðpÞ � rðqÞ � rðqÞ � rðpÞ,

for any p, q 2 A� (see [5, 8]). For any k � 1, endow A with the k-left symmetric structure given
by � a ¼ la � , where la 2 R: Then rk ¼ ðr, :::, rÞ is a Sk-matrix.

2. Consider the 2-left symmetric on R4 given in Example 3, then one can check by a direct
computation that, for r2,4,r2,2,r4,4,s1,1,s1,2 2 R,

r1 ¼ r2, 4e2 � e4 þ r2, 2e2 � e2 þ r4, 4e4 � e4 and r2 ¼ s1, 1e1 
 e1 þ s1, 2e1 � e2

constitute a S2-matrix on R4 (� is the symmetric product).

Let ðp�, � 1, :::, � kÞ be a k-left symmetric algebra and r ¼ ðr1, :::, rkÞ 2 p� 
 ðp�Þk: We call r a
quasi-Sk-matrix if, for any a, b and for any q 2 p�, a 2 ðp�Þk, p, q 2 p,

LaqðabÞ ¼ 0, a,DðrÞðp, qÞ� �þ LaðDðrÞÞðp, qÞ ¼ 0, DðrÞðp, qÞ ¼ rð p, q½ �pÞ � rðpÞ, rðqÞ� �
:

According to Theorem 2.2, ðUðp, kÞ ¼ ðp�Þk � p, ðp�Þk, ½, �r, h1, :::, hkÞ is a k-para-K€ahler Lie
algebra where

aþ p, bþ q½ �r ¼ a, b½ � þ w�
pb� w�

qa
n o

þ /�
aq� /�

bpþ p, q½ �p
n o

, a, b 2 ðp�Þk, p, q 2 p

and

a, b½ � ¼ a � b� b � a, a � b ¼
Xk
a¼1

ðaa � ab1, :::, aa � abkÞ,

� q,/�
ap 	¼ �

Xk
a¼1

� aa � aq, p 	 ,

w�
pa ¼ rð/�

apÞ þ rðpÞ, a� �
,

p, q½ �p ¼ /�
rðpÞq� /�

rðqÞp ¼
Xk
b¼1

ðLbrbðpÞÞ
�q� ðLbrbðqÞÞ

�p
h i

,

hiðaþ p, bþ qÞ ¼� ai, q 	 � � bi, p 	 :

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Note also that Uðp, kÞ has another Lie algebra structure, namely,

aþ p, bþ q½ �. ¼ a, b½ � þ /�
aq� /�

bp:

We consider now the bracket on Uðp, kÞ given by

aþ p, bþ q½ �., r ¼ aþ p, bþ q½ �. þ DðrÞðp, qÞ:
It can be verified that both ½, �. and ½, �., r are Lie brackets on Uðp, kÞ:
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Theorem 3.2. The linear map K : ðUðp, kÞ, ½, �., rÞ ! ðUðp, kÞ, ½, �rÞ, aþ p 7! a� rðpÞ þ p is an iso-
morphism of Lie algebras.

Proof. It is clear that K is bijective and that for any a, b 2 ðp�Þk,Kð½a, b�., rÞ ¼ ½KðaÞ,KðbÞ�r: Now
for any p, q 2 p,

Kð p, q½ �., rÞ ¼ DðrÞðp, qÞ,
KðpÞ,KðqÞ� �r ¼ p� rðpÞ, q� rðqÞ� �r

¼ p, q½ �p � w�
prðqÞ þ w�

qrðpÞ � /�
rðpÞqþ /�

rðqÞpþ rðpÞ, rðqÞ� �
¼ �r /�

rðqÞp
� 	

� rðpÞ, rðqÞ� �þ r /�
rðpÞq

� 	
þ rðqÞ, rðpÞ� �þ rðpÞ, rðqÞ� �

¼ DðrÞðp, qÞ:
On the other hand,

Kð a, p½ �., rÞ ¼ Kð/�
apÞ ¼ /�

ap� rð/�
apÞ

KðaÞ,KðpÞ� �r ¼ a, p� rðpÞ� �r
¼ � a, rðpÞ� �þ /�

ap� w�
pa

¼ � a, rðpÞ� �þ /�
ap� rð/�

apÞ � rðpÞ, a� �
¼ /�

ap� rð/�
apÞ:

This completes the proof. w

Proposition 3.2 . Let ðp�, � 1, :::, � kÞ be a k-left symmetric Lie algebra and r ¼ ðr1, :::, rkÞ be a
quasi-Sk-matrix. Then ðUðp, kÞ, ½, �., r, ðp�Þk, h1r , :::, hkrÞ is a k-para-K€ahler Lie algebra where

hirðaþ p, bþ qÞ ¼ hiðaþ p, bþ qÞ � 2siðp, qÞ,
where si is the symmetric part of ri:

4. k-Symplectic Lie algebras of dimension ðk þ 1Þ
In [3], there is a study of k-symplectic Lie algebras of dimension ðkþ 1Þ: In this section, by using
Theorem 2.2, we give a description of these Lie algebras which completes the results obtained in [3].

Let ðg, h, h1, :::, hkÞ be a k-symplectic Lie algebra of dimension ðkþ 1Þ: Since h has codimen-
sion 1 then g is indeed a k-para-K€ahler Lie algebra and according to Theorem 2.2, there exists a
basis ðf1, :::, fk, eÞ of g and (a1,… ,ak) 2 Rk such that ðf1, :::, fkÞ is a basis of h and for any
i, j ¼ 1, :::, k

fi, fj
� � ¼ aifj � ajfi, e, fi½ � ¼ aieþ DðfiÞ, hi ¼ f �i � e� (22)

where D : h ! h is a linear endomorphism. This bracket must satisfy the Jacobi identity. We will
solve the obtained equations in what follows. We distinguish two cases: k¼ 2 and k � 3: Note
first that if we define ‘ 2 h� by ‘ðfiÞ ¼ ai the bracket above satisfies

x, y½ � ¼ ‘ðxÞy� ‘ðyÞx and e, x½ � ¼ ‘ðxÞeþ DðxÞ (23)

for any x, y 2 h and one can see easily that the Jacobi identity is equivalent to

‘ðyÞDðxÞ � ‘ðxÞDðyÞ þ ‘ðDðyÞÞx� ‘ðDðxÞÞy ¼ 0 (24)

for any x, y 2 h:
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Let us start with the case k¼ 2. We consider sl(2, R) with its basis

h ¼ ð 1 0
0 �1

Þ, g ¼ ð 0 1
0 0

Þ, f ¼ ð 0 0
1 0

Þ

 �

, where

h, g½ � ¼ 2g, h, f½ � ¼ �2f and g, f½ � ¼ h:

We consider the Lie algebra sol ¼
x 0 y
0 �x z
0 0 0

0
@

1
A; x; y; z2R

8<
:

9=
;:

In the basis

u1 ¼
1 0 0
0 �1 0
0 0 0

0
@

1
A, u2 ¼

0 0 1
0 0 0
0 0 0

0
@

1
A, u3 ¼

0 0 0
0 0 1
0 0 0

0
@

1
A

8<
:

9=
;,

we have

u1, u2½ � ¼ u2, u1, u3½ � ¼ �u3 and u2, u3½ � ¼ 0:

Theorem 4.1. Let ðg, h, h1, h2Þ be a 2-symplectic Lie algebra of dimension 3. Then one of the follow-
ing situations holds:

1. h is an abelian ideal and there exists a basis (e, f, g) of g and D an endomorphism of h such
that ½h, e� ¼ DðhÞ for any h 2 h, h1 ¼ e� � f � and h2 ¼ e� � g�:

2. ðg, h, h1, h2Þ is isomorphic to (sl(2, R),h0,q
1,q2) with h0 ¼ spanfh, gg, q1 ¼ h� � f � þ bg� � f �

and q2 ¼ g� � f �:
3. ðg, h, h1, h2Þ is isomorphic to ðsol, h0,q1,q2Þ with h0 ¼ spanfu1, u2g, q1 ¼ u�1 � u�3 þ bu�2 � u�3

and h2 ¼ cu�1 � u�3 þ u�2 � u�3 for some b,c 2 R .

Proof. According to what was said above, g ¼ h � Re and there exists a basis (f1, f2) of h, a lin-
ear endomorphism D : h ! h and ‘ 2 h� such that

‘ðf1Þ ¼ a1, ‘ðf2Þ ¼ a2, h
1 ¼ f �1 � e� and h2 ¼ f �2 � e�

and the Lie bracket is given by (23) and ‘ and D satisfy (24).
If ‘ ¼ 0 then this equation is satisfied and g is an almost abelian algebra.
If ‘ 6¼ 0 we can suppose that a1 6¼ 0: Put g2 ¼ a2f1 � a1f2 2 ker‘ and the Eq. (24) is equivalent

to

a1Dðg2Þ þ ‘ðDðf1ÞÞg2 � ‘ðDðg2ÞÞf1 ¼ 0:

Put Dðf1Þ ¼ d11f1 þ d21g2 and Dðg2Þ ¼ d12f1 þ d22g2 then the equation above is equivalent to
d11 ¼ �d22: So in the basis ðf1, g2, eÞ, we have

e, f1½ � ¼ a1eþ d11f1 þ d21g2, e, g2½ � ¼ d12f1 � d11g2 and f1, g2½ � ¼ a1g2

and
h1 ¼ f �1 � e� þ a2g

�
2 � e� and h2 ¼ �a1g

�
2 � e�:

We distinguish two cases:

� d12 6¼ 0: If we put

ðh, g, f Þ ¼ 2
a1

f1, g2, � 1
a1d12

2eþ 2d11
a1

f1 þ d12
a1

g2

� �� �
we get the desired isomorphism between g and sl(2, R) .
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� d12 ¼ 0: If we put

ðu1, u2, u3Þ ¼ � 1
d11

e, g2, a1eþ d11f1 þ d21
2

g2

� �

we get the desired isomorphism between g and sol: w

Theorem 4.2. Let ðg, h, h1, :::, hkÞ be a k-symplectic Lie algebra such that dim h ¼ k � 3. Then one
of the following situation holds:

1. h is an abelian ideal and there exists a basis ðe, f1, :::, fkÞ of g and an endomorphism D of h
such that h ¼ spanff1, :::, fkg, ½e, h� ¼ DðhÞ for any h 2 h and, for a ¼ 1, :::, k, ha ¼ f �a � e�:

2. There exists ðf1, :::, fk, eÞ a basis of g, a family of constants (a1,… ,ak) 2 Rk, a1 6¼ 0, (b2,… ,bk)
2 Rk�1 and k 2 R such that h ¼ spanff1, :::, fkg,

h1 ¼ f �1 � e� �
Xk
i¼2

aif
�
i � e� and hi ¼ a1f

�
i � e�, i ¼ 2, :::, k,

and the non vanishing Lie brackets are given by

e, f1½ � ¼ a1eþ kf1 þ
Xk
l¼2

blfl, e, fi½ � ¼ �kfi, f1, fi½ � ¼ a1fi, i ¼ 2, :::, k:

These Lie algebras are solvable nonunimodular.

Proof. According to what was said above, g¼ h � Re and there exists a basis ðf1, :::, fkÞ of h, a
homomorphism D : h ! h and ‘ 2 h� such that

‘ðfiÞ ¼ ai and hi ¼ f �i � e�, i ¼ 1, :::, k

and the Lie bracket is given by (23) where ‘ and D satisfy (24).
If ‘ ¼ 0 then this equation is satisfied and g is an almost abelian algebra.
Suppose that ‘ 6¼ 0 and we can suppose a1 6¼ 0: Then for x, y 2 ker‘

‘ðDðyÞÞx� ‘ðDðxÞÞy ¼ 0

and hence ker ‘ is invariant by D. If we take x 2 ker ‘ and y 62 ker ‘ then

‘ðyÞDðxÞ þ ‘ðDðyÞÞx ¼ 0

and hence

DðxÞ ¼ � ‘ðDðyÞÞ
‘ðyÞ x:

If we choose y0 such that ‘ðy0Þ 6¼ 0, we get

Dðy0Þ ¼ ky0 þ x0 and DðxÞ ¼ �kx, x, x0 2 ker‘:

Put g1 ¼ f1 and for i ¼ 2, :::, k, we put gi ¼ a1fi � aif1 2 ker‘: Thus

Dðg1Þ ¼ kg1 þ
Xk
i¼2

bigi, h
1 ¼ g�1 � e� �

Xk
i¼2

aig
�
i � e� and DðgiÞ ¼ �kgi, h

i ¼ a1g
�
i � e�,

i ¼ 2, :::, k:

and the Lie brackets are

COMMUNICATIONS IN ALGEBRAVR 21



e, g1½ � ¼ a1eþ kg1 þ
Xk
l¼2

blgl, e, gi½ � ¼ �kgi, g1, gi½ � ¼ a1gi, gi, gj½ � ¼ 0, i, j ¼ 2, :::, k:

This completes the proof. w

5. Six-dimensional 2-para-K€ahler Lie algebras

In this section, by using Theorem 2.2, we give all six dimensional 2-para-K€ahler Lie algebras. We
proceed as follows:

1. In Table 1, we determine all 2-left symmetric algebras by a direct computation using the clas-
sification of real two-dimensional left symmetric algebras given in [10].

2. In Table 2, we give for each 2-left symmetric algebra in Table 1 its compatible 2� 2-left sym-
metric algebras.

3. In Table 3, we give for each couple of compatible structures in Table 2 the corresponding 2-
para-K€ahler Lie algebra.

4. All our computations were checked by using the software Maple.
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