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Analytic linear Lie rack structures on Leibniz algebras

Hamid Abchira, Fatima-Ezzahrae Abidb, and Mohamed Boucettab

aEcole Sup�erieure de Technologie, Universit�e Hassan II, Casablanca, Maroc; bFacult�e des sciences et
techniques, Universit�e Cadi-Ayyad, Marrakech Maroc

ABSTRACT
A linear Lie rack structure on a finite dimensional vector space V is a Lie
rack operation ðx, yÞ 7! x . y pointed at the origin and such that for any x,
the left translation Lx : y 7! LxðyÞ ¼ x . y is linear. A linear Lie rack oper-
ation . is called analytic if for any x, y 2 V,

x . y ¼ y þ
X1
n¼1

An, 1ðx, :::, x, yÞ,

where An, 1 : V � � � � � V ! V is an nþ 1-multilinear map symmetric in the
n first arguments. In this case, A1, 1 is exactly the left Leibniz product asso-
ciated to .: Any left Leibniz algebra ðh, ½ , �Þ has a canonical analytic linear

Lie rack structure given by x .
c
y ¼ exp ðadxÞðyÞ, where adxðyÞ ¼ ½x, y�: In

this paper, we show that a sequence ðAn, 1Þn�1 of nþ 1-multilinear maps
on a vector space V defines an analytic linear Lie rack structure if and only
if ½ , � :¼ A1, 1 is a left Leibniz bracket, the An, 1 are invariant for ðV , ½ , �Þ and
satisfy a sequence of multilinear equations. Some of these equations have
a cohomological interpretation and can be solved when the zero and the
1-cohomology of the left Leibniz algebra ðV, ½ , �Þ are trivial. On the other
hand, given a left Leibniz algebra ðh, ½ , �Þ, we show that there is a large
class of (analytic) linear Lie rack structures on ðh, ½ , �Þ which can be built
from the canonical one and invariant multilinear symmetric maps on h: A
left Leibniz algebra on which all the analytic linear Lie rack structures are
build in this way will be called rigid. We use our characterizations of ana-
lytic linear Lie rack structures to show that sl2ðRÞ and soð3Þ are rigid. We
conjecture that any simple Lie algebra is rigid as a left Leibniz algebra.
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1. Introduction

In the 1980s, Joyce [13] and Matveev [17] introduced the notion of quandle. This notion has
been derived from the knot theory, in the way that the axioms of a quandle are the algebraic
expressions of Reidemeister moves (I,II,III) for an oriented knot diagram [11]. The quandles pro-
vide many knot invariants. The fundamental quandle or knot quandle was introduced by Joyce
who showed that it is a complete invariant of a knot (up to a weak equivalence). Racks which are
a generalization of quandles were introduced by Brieskorn [7] and Fenn and Rourke [12].
Recently (see [8, 9]), there has been investigations on quandles and racks from an algebraic point
of view and their relationship with other algebraic structures as Lie algebras, Leibniz algebras,
Frobenius algebras, Yang Baxter equation, and Hopf algebras etc.
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A rack is a non-empty set X together with a map . : X � X ! X, ða, bÞ 7! a . b such that, for
any a, b, c 2 X, the map La : X ! X, b 7! a . b is a bijection and

a . ðb . cÞ ¼ ða . bÞ . ða . cÞ: (1)

A rack X is called pointed if there exists a distinguished element e 2 X such that, for any
a 2 X,

a . e ¼ e and Le ¼ IdX: (2)

A rack X is called a quandle if, for any a 2 X, a . a ¼ a:
A Lie rack is a rack ðX, .Þ such that X is a smooth manifold, . is a smooth map and the left

translations La are diffeomorphisms. Any Lie group G has a Lie rack structure given
by g . h ¼ g�1hg:

Leibniz algebras were first introduced and investigated in the papers of Bloh [5, 6] under the
name of D-algebras. Then they were rediscovered by Loday [16] who called them Leibniz alge-
bras. A left Leibniz algebra is an algebra ðh, ½ , �Þ over a field K such that, for every element u 2
h, adu : h ! h, v 7! ½u, v� is a derivation of h, i.e.,

u, v,w½ �½ � ¼ u, v½ �,w½ � þ v, u,w½ �½ �, v,w 2 h: (3)

Any Lie algebra is a left Leibniz algebra and a left Leibniz algebra is a Lie algebra if and only if
its bracket is skew-symmetric. Many results of the theory of Lie algebras can be extended to left
Leibniz algebras (see [1–3]).

In 2004, Kinyon [15] proved that if (X, e) is a pointed Lie rack, TeX carries a structure of left
Leibniz algebra. Moreover, in the case when the Lie rack structure is associated to a Lie group G
then the associated left Leibniz algebra is the Lie algebra of G.

Given a pointed Lie rack (X, e), for any a 2 X, we denote by Ada : TeX ¼ h ! h the differen-
tial of La at e. We have

La.b ¼ La � Lb � L�1
a and Ada.b ¼ Ada � Adb � Ad�1

a :

Thus Ad : X ! GLðhÞ is an homomorphism of Lie racks. If we put

u, v½ �. ¼
d
dtjt¼0

AdcðtÞv, u, v 2 h, c :� � �, �½! X, cð0Þ ¼ e, c0ð0Þ ¼ u,

ðh, ½ , �.Þ becomes a left Leibniz algebra.
A linear Lie rack structure on a finite dimensional vector space V is a Lie rack operation

ðx, yÞ 7! x . y pointed at 0 and such that for any x, the map Lx : y 7! x . y is linear. A linear Lie
rack operation . is called analytic if for any x, y 2 V,

x . y ¼ yþ
X1
n¼1

An, 1ðx, :::, x, yÞ, (4)

where for each n, An, 1 : V � � � � � V ! V is an nþ 1-multilinear map which is symmetric in the
n first arguments. In this case, A1, 1 is the left Leibniz bracket associated to .:

If ðh, ½ , �Þ is a left Leibniz algebra then the operation .
c
: h� h ! h given by

u .
c
v ¼ exp ðaduÞðvÞ

defines an analytic linear Lie rack structure on h such that the associated left Leibniz bracket on

T0h ¼ h is the initial bracket ½ , �: We call .
c

the canonical linear Lie rack structure associated
to ðh, ½ , �Þ:

In this paper, we will study linear Lie rack structures with an emphasis on analytic linear Lie
rack structures.
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Actually, there is a large class of linear Lie rack structures on ðh, ½ , �Þ containing the canonical
one. This class was suggested to us by an example sent to us by Martin Bordemann. The proof of
the following proposition will be given in Section 2.

Proposition 1.1. Let ðh, ½ , �Þ be a left Leibniz algebra, F : R ! R a smooth function and P :
h� � � � � h ! R a symmetric multilinear p-form such that, for any y, x1:::, xp 2 h,Xp

i¼1

Pðx1, :::, y, xi½ �, :::, xpÞ ¼ 0:

Then the operation . given by

x . y ¼ exp ðFðPðx, :::, xÞÞadxÞðyÞ
is a linear Lie rack structure on h and its associated left Leibniz bracket is ½ , �. ¼ Fð0Þ½ , �.
Moreover, if F is analytic then . is analytic.

This proposition shows that a left Leibniz algebra might be associated to many non equivalent
pointed Lie rack structures. For instance if one takes Fð0Þ ¼ 0 in Proposition 1.1, the two pointed
Lie rack structures

x .0 y ¼ y and x .1 y ¼ exp ðFðPðx, :::, xÞÞÞadxÞðyÞ
are two pointed Lie rack structures on h which are not equivalent (even locally near 0) and have
the same left Leibniz algebra, namely, the abelian one. This contrasts with the theory of Lie
groups where two Lie groups are locally equivalent near their unit elements if and only if they
have the same Lie algebra. Moreover, this proposition motivates the study of linear Lie rack struc-
tures and gives a sense to the following definition.

Definition 1.1. A left Leibniz algebra ðh, ½ , �Þ is called rigid if any analytic linear Lie rack struc-
ture . on h such that ½ , �. ¼ ½ , � is given by

x . y ¼ exp ðFðPðx, :::, xÞÞÞadxÞðyÞ,
where F : R ! R is analytic with Fð0Þ ¼ 1 and P : h� � � � � h ! R is a symmetric multilinear
p-form such that, for any y, x1:::, xp 2 h,Xp

i¼1

Pðx1, :::, y, xi½ �, :::, xpÞ ¼ 0:

Remark 1. We have seen that the abelian left Leibniz algebra is not rigid.

This paper is an introduction to the study of the rigidity of left Leibniz algebras. Our approach
was suggested to us by the one used in the study of linearization of Poisson structures (see [10]).
One of our main results is the following theorem.

Theorem 1.1. Let V be a real finite dimensional vector space and ðAn, 1Þn�1 a sequence of nþ 1-
multilinear maps symmetric in the n first arguments. We suppose that the operation . given by

x . y ¼ yþ
X1
n¼1

An, 1ðx, :::, x, yÞ

converges. Then . is a Lie rack structure on V if and only if for any p, q 2 N
� and x, y, z 2 V,

Ap, 1ðx,Aq, 1ðy, zÞÞ ¼
X

s1þ:::þsqþk¼p

Aq, 1ðAs1, 1ðx, yÞ, :::,Asq , 1ðx, yÞ,Ak, 1ðx, zÞÞ, (5)

where for sake of simplicity Ap, 1ðx, yÞ :¼ Ap, 1ðx, :::, x, yÞ:

COMMUNICATIONS IN ALGEBRAVR 3



In particular, if p ¼ q ¼ 1 we get that ½ , � :¼ A1, 1 is a left Leibniz bracket which is actually the
left Leibniz bracket associated to ðV, .Þ:
Remark 2. When p¼ 1 and q 2 N

�, the relation (5) becomes

LxAq, 1ðy1, :::, yqþ1Þ :¼ x,Aq, 1ðy1, :::, yqþ1Þ
� ��Xqþ1

i¼1

Aq, 1ðy1, :::, x, yi½ �, :::, yqþ1Þ ¼ 0: (6)

A multilinear map on a left Leibniz algebra satisfying (6) will be called invariant. Thus
Theorem 1.1 reduces the study of analytic linear Lie rack structures to the study of the datum of
a left Leibniz algebra with a sequence of invariant multilinear maps satisfying a sequence of mul-
tilinear equations. Even though equations (5) are complicated, we will see in this paper that they
are far more easy to handle than the distributivity condition (1). In Section 2, we will give the
proofs of Proposition 1.1 and Theorem 1.1 and we will show that there is a large class of non
rigid left Leibniz algebras (see Corollary 2.1). On the other hand, when q¼ 1 the Equation (5)
has a cohomological interpretation with respect to the cohomology of the left Leibniz algebra
ðV, ½ , �Þ: When H0 ¼ H1 ¼ 0 we can deduce a refined expression of the ðAn, 1Þ (see Theorem 3.1
in Section 3). By using Theorems 1.1 and 3.1 we will prove that sl2ðRÞ and soð3Þ are rigid (see
Sections 4). As the reader will see, the proof of the rigidity of sl2ðRÞ and soð3Þ based on
Theorems 1.1 and 3.1 is quite difficult and has needed a deep understanding of the structure of
these Lie algebras as a simple Lie algebras. We think that the study of the following conjecture
can be a challenging mathematical problem.

Conjecture 1. Every simple Lie algebra is rigid in the sense of Definition 1.1.

2. Some classes of non rigid left Leibniz algebras, proofs of Proposition 1.1 and
Theorem 1.1

The proof of Proposition 1.1 is a consequence of the following well-known result.

Proposition 2.1. Let ðX, .Þ be a rack and J : X ! X a map such that, for any
x, y 2 X, Jðx . yÞ ¼ x . JðyÞ, i.e., J � Lx ¼ Lx � J for any x. Then the operation

x .J y ¼ JðxÞ . y
defines a rack structure on X.

Proof. We have, for any x, y, z 2 X,

x .J ðy .J zÞ ¼ JðxÞ . ðJðyÞ . zÞ
¼ ðJðxÞ . JðyÞÞ . ðJðxÞ . zÞ
¼ ðJðJðxÞ . yÞÞ . ðx .J zÞ
¼ ðx .J yÞ .J ðx .J zÞ:

w

Proof of Proposition 1.1.
Proof. We consider the map J : h ! h given by JðxÞ ¼ FðPðx, :::, xÞÞx: Since P is invariant, we

have Pð exp ðadxÞðyÞ, :::, exp ðadxÞðyÞÞ ¼ Pðy, :::, yÞ and hence Jðx .
c
yÞ ¼ x .

c
JðyÞ and one can

apply Proposition 2.1 to conclude. w

The following proposition shows that the class of non rigid left Leibniz algebras is large. Recall
that if h is a left Leibniz algebra then its center ZðhÞ ¼ fa 2 h, ½a, h� ¼ ½h, a� ¼ 0g:

4 H. ABCHIR ET AL.



Proposition 2.2. Let ðh, ½ , �Þ be a left Leibniz algebra. Choose a scalar product h, i on
h, ða1, b1, :::, ak, bkÞ a family of vectors in ½h, h�? \ ZðhÞ?, ðz1, :::, zkÞ a family of vector in ZðhÞ and
f1, :::, fk : R ! R with fjð0Þ ¼ 0 for j ¼ 1, :::, k. If .

c
is the canonical linear Lie rack operation on h

then

x . y ¼ x .
c
yþ

Xk
j¼1

hy, bjifjðhx, ajiÞzj

is a linear Lie rack operation pointed at 0. Moreover, if f 0jð0Þ ¼ 0 for j ¼ 1, :::, k then ½ , �. ¼ ½ , �:

Proof. Note first that for any z 2 ZðhÞ and for any x 2 h, x . z ¼ z and z . x ¼ x: Moreover, hbj, x .
yi ¼ hbj, x .

c
yi ¼ hbj, yi and ðx . yÞ .c z ¼ ðx .

c
yÞ .c z for any x, y, z 2 h: So, for any x, y, z 2 h,

x . ðy . zÞ ¼ x . ðy .
c
zÞ þ

Xk
j¼1

hz, bjifjðhy, ajiÞx . zj

¼ x .
c ðy .

c
zÞ þ

Xk
j¼1

hy .
c
z, bjifjðhx, ajiÞzj þ

Xk
j¼1

hz, bjifjðhy, ajiÞzj,

¼ x .
c ðy .

c
zÞ þ

Xk
j¼1

hz, bjifjðhx, ajiÞzj þ
Xk
j¼1

hz, bjifjðhy, ajiÞzj,

ðx . yÞ . ðx . zÞ ¼ ðx . yÞ . ðx .
c
zÞ þ

Xk
j¼1

hz, bjifjðhx, ajiÞzj

¼ ðx . yÞ .c ðx .
c
zÞ þ

Xk
j¼1

hx .
c
z, bjifjðhx . y, ajiÞzj þ

Xk
j¼1

hz, bjifjðhx, ajiÞzj

¼ ðx .
c
yÞ .c ðx .

c
zÞ þ

Xk
j¼1

hz, bjifjðhy, ajiÞzj þ
Xk
j¼1

hz, bjifjðhx, ajiÞzj:

This proves the proposition. w

Corollary 2.1.
1. Let h be a left Leibniz algebra which is a Lie algebra such that ½h, h� þ ZðhÞ 6¼ h, ZðhÞ 6¼ f0g.

Then h is not rigid.
2. Let h be a left Leibniz algebra such that ½h, h� þ ZðhÞ 6¼ h and ZðhÞ is not contained in ½h, h�.

Then h is not rigid.

Proof.
1. By virtue of Definition 1.1, if h is rigid then any linear analytic rack structure . on h satisfies

x . x ¼ x for any x 2 h: Choose z 2 ZðhÞ n f0g, a scalar product h , i on h and a 2
½h, h�? \ ZðhÞ? with a 6¼ 0: According to Proposition 2.2, the operation

x . y ¼ x .
c
yþ hx, ai2hy, aiz

is an analytic linear Lie rack structure on h satisfying ½ , �. ¼ ½ , �: However, this operation sat-
isfies a . a ¼ aþ jaj6z 6¼ a and hence h is not rigid.

2. We have also that if h is rigid then any linear analytic rack structure . on h satisfies x . y�
x .

c
y 2 ½h, h�: We proceed as the first case and we consider the same Lie rack operation on h

with a 2 ZðhÞ and a 62 ½h, h� and we get a contradiction. w
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Remark 3. There is a large class of left Leibniz algebras satisfying the hypothesis of Corollary 2.1,
for instance, any 2-step nilpotent Lie algebra belongs to this class.

Proof of Theorem 1.1.
Proof. Put A0, 1ðx, yÞ ¼ y: We have

x . ðy . zÞ ¼
X
n2N

An, 1ðx, :::, x, y . zÞ

¼
X
n, p2N

An, 1ðx, :::, x,Ap, 1ðy, :::, y, zÞÞ,

ðx . yÞ . ðx . zÞ ¼
X1
n¼0

An, 1ðx . y, :::, x . y, x . zÞ

¼
X

n, s1, :::, sn, k
An, 1ðAs1, 1ðx, yÞ, :::,Asn, 1ðx, yÞ,Ak, 1ðx, zÞÞ:

By identifying the homogeneous component of degree n in x and of degree p in y in both x .
ðy . zÞ and ðx . yÞ . ðx . zÞ we get the desired relation. w

The following result is an immediate and important consequence of Theorem 1.1.

Corollary 2.2. Let ðh, ½ , �Þ be a left Leibniz algebra and .
c
its canonical linear Lie rack operation.

Then

x .
c
y ¼

X1
n¼0

A0
n, 1ðx, :::, x, yÞ

where

A0
0, 1ðx, yÞ ¼ y and A0

n, 1ðx1, :::, xn, yÞ ¼
1

ðn!Þ2
X
r2Sn

adxrð1Þ � ::: � adxrðnÞ ðyÞ,

and Sn is the group of permutations of f1, :::, ng. Furthermore, the ðA0
n, 1Þn2N satisfy the sequence of

Equation (5).

3. Analytic linear Lie racks structures over left Leibniz algebras with trivial
0-cohomology and 1-cohomology

In this section, we recall the definition of the cohomology of a left Leibniz algebra. We will give
an important expression of the An, 1 defining an analytic linear Lie rack structure on a left
Leibniz algebra h when H0ðhÞ ¼ H1ðhÞ ¼ 0:

Let ðh, ½ , �Þ be a left Leibniz algebra. For any n � 0, the operator d : Homð	nh, hÞ !
Homð	nþ1h, hÞ given by

dðxÞðx0, :::, xnÞ ¼
Xn�1

i¼0

xi,xðx0, :::, bxi , :::, xnÞ� �þ ð�1Þn�1 xðx0, :::, xn�1Þ, xn½ �

þ
X
i<j

ð�1Þiþ1xðx0, :::, x̂i, :::, xj�1, xi, xj½ �, xjþ1, :::, xnÞ,

satisfies d2 ¼ 0 and then defines a cohomology HpðhÞ for p 2 N: For any x 2 h and F,G : h ! h,
we have

dðxÞðmÞ ¼ � x,m½ � and dðFÞðy, zÞ ¼ y, FðzÞ� �þ FðyÞ, z� �� Fð y, z½ �Þ
and one can see easily that

6 H. ABCHIR ET AL.



dðF � GÞðy, zÞ ¼ dðFÞðy,GðzÞÞ þ dðFÞðGðyÞ, zÞ þ F � dðGÞðy, zÞ � FðyÞ,GðzÞ� �� GðyÞ, FðzÞ� �
: (7)

Remark 4. Let ðh, ½ , �Þ be a left Leibniz algebra which is a Lie algebra. The cohomology of h as
left Leibniz algebra is different from its cohomology as a Lie algebra, however H0 and H1 are the
same for both cohomologies.

Now let’s take a closer look to Equations (5) when q¼ 1. Let ðh, ½ , �Þ be a left Leibniz algebra
and ðAn, 1Þp2N a sequence of ðnþ 1Þ-multilinear maps on h with values in h symmetric in the n

first arguments and such that A0, 1ðx, yÞ ¼ y and A1, 1ðx, yÞ ¼ ½x, y�: For sake of simplicity we
write An, 1ðx, yÞ ¼ An, 1ðx, :::, x, yÞ:

Equation (5) for q¼ 1 can be written for any x, y, z 2 h,

Ap, 1ðx, y, z½ �Þ ¼ y,Ap, 1ðx, zÞ
� �þ Ap, 1ðx, yÞ, z

� �þXp�1

r¼1

Ar, 1ðx, yÞ,Ap�r, 1ðx, zÞ
� �

:

Thus

dðix:::ixAp, 1Þðy, zÞ ¼ �
Xp�1

r¼1

Ar, 1ðx, yÞ,Ap�r, 1ðx, zÞ
� �

, (8)

where ix:::ixAp, 1 : h ! h, y 7! Ap, 1ðx, :::, x, yÞ:
On the other hand, the sequence ðA0

n, 1Þn2N defining the canonical linear Lie rack structure of
h (see Corollary 2.2) satisfies (5) and hence

dðix:::ixA0
p, 1Þðy, zÞ ¼ �

Xp�1

r¼1

A0
r, 1ðx, yÞ,A0

p�r, 1ðx, zÞ
h i

: (9)

If p¼ 2, since A0, 1 ¼ A0
0, 1 and A1, 1 ¼ A0

1, 1, Equations (8) and (9) implies that, for any x 2 h,

dðixixA2, 1 � ixixA
0
2, 1Þ ¼ 0:

Since A2, 1 and A0
2, 1 are symmetric in the two first arguments this is equivalent to

dðixiyA2, 1 � ixiyA
0
2, 1Þ ¼ 0, for any x, y 2 h:

This is a cohomological equation and if H1ðhÞ ¼ 0 then there exists B2 : h� h ! h such that, for
any x, y, z 2 h,

A2, 1ðx, y, zÞ ¼ A0
2, 1ðx, y, zÞ þ B2ðx, yÞ, z

� �
: (10)

Moreover, if H0ðhÞ ¼ 0 then B2 is unique and symmetric and one can check easily that A2, 1 is
invariant if and only if B2 is invariant.

We have triggered an induction process and, under the same hypothesis, the ðAp, 1Þp�2 satisfy a

similar formula as (10). This is the purpose of the following theorem.

Theorem 3.1. Let ðh, ½ , �Þ be a left Leibniz algebra such that H0ðhÞ ¼ H1ðhÞ ¼ 0. Let ðAn, 1Þn�0 be
a sequence where A0, 1ðx, yÞ ¼ y and A1, 1ðx, yÞ ¼ ½x, y� and, for any n � 2, An, 1 : h� � � � � h ! h
is multilinear invariant and symmetric in the n first arguments. We suppose that the An, 1 satisfy
(8). Then there exists a unique sequence ðBnÞn�2 of invariant symmetric multilinear maps Bn :

h� � � � � h ! h such that, for any x, y 2 h,

An, 1ðx, yÞ ¼ A0
n, 1ðx, yÞ þ

X
1 
 k 
 n

2

� �
s ¼ l1 þ :::þ lk 
 n

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

n�s, 1ðx, yÞÞ, (11)

where Ap, 1ðx, yÞ ¼ Ap, 1ðx, :::, x, yÞ and BlðxÞ ¼ Blðx, :::, xÞ:

COMMUNICATIONS IN ALGEBRAVR 7



Remark 5. Formula (11) deserves some explications. As any formula depending inductively on n, to
find the general form one needs to check it for the first values of n and it is what we have done.
There are the formulas we found directly and which helped us to establish the expression (11).

A3, 1ðx, yÞ ¼ A0
3, 1ðx, yÞ þ B2ðxÞ,A0

1, 1ðx, yÞ
h i

þ B3ðxÞ,A0
0, 1ðx, yÞ

h i
¼ A0

3, 1ðx, yÞ þ A0
1, 1ðB2ðxÞ,A0

1, 1ðx, yÞÞ þ A0
1, 1ðB3ðxÞ,A0

0, 1ðx, yÞÞ,
A4, 1ðx, yÞ ¼ A0

4, 1ðx, yÞ þ B4ðxÞ,A0
0, 1ðx, yÞ

h i
þ B3ðxÞ,A0

1, 1ðx, yÞ
h i

þ B2ðxÞ,A0
2, 1ðx, yÞ

h i
þ 1
2

B2ðxÞ, B2ðxÞ,A0
0, 1ðx, yÞ

h ih i
,

A5, 1ðx, yÞ ¼ A0
5, 1ðx, yÞ þ B5ðxÞ, y

� �þ B4ðxÞ,A0
1, 1ðx, yÞ

h i
þ B3ðxÞ,A0

2, 1ðx, yÞ
h i

þ B2ðxÞ,A0
3, 1ðx, yÞ

h i
1
2

B2ðxÞ, B3ðxÞ, y
� �� �þ B3ðxÞ, B2ðxÞ, y

� �� �� �þ 1
2

B2ðxÞ, B2ðxÞ,A0
1, 1ðx, yÞ

h ih i
:

To prove Theorem 3.1, we will proceed by induction. The proof is rather technical and needs
some preliminary formulas.

Fix n � 2 and x 2 h: For any 1 
 k 
 nþ1
2

� �
and s ¼ l1 þ :::þ lk 
 nþ 1, in the proof of

Theorem 3.1, we will need to compute dðFk � GsÞ where Fk,Gs : h ! h are given by

FkðyÞ ¼ A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ, yÞ, GsðyÞ ¼ A0

nþ1�s, 1ðx, yÞ:
This is straightforward from (7) and the formula

dðix1 :::ixkA0
k, 1Þðy, zÞ ¼ � 1

k!

Xk�1

p¼1

X
r2Sk

A0
p, 1ðxrð1Þ, :::, xrðpÞ, yÞ,A0

k�p, 1ðxrðpþ1Þ, :::, xrðkÞ, zÞ
h i

whose polar form is (9). We use here the well-know fact that two symmetric multilinear forms are
equal if and only if their polar forms are equal. For sake of simplicity put Qðk, sÞ ¼ dðFk � GsÞðy, zÞ:
Proposition 3.1. We have

Qð1, sÞ ¼ �
Xn�s

r¼0

A0
1, 1ðBsðxÞ,A0

r, 1ðx, yÞÞ,A0
nþ1�s�r, 1ðx, zÞ

h i
�
Xnþ1�s

r¼1

A0
r, 1ðx, yÞ,A0

1, 1ðBsðxÞ,A0
nþ1�s�r, 1ðx, zÞÞ

h i
, s 
 n,

Qðk, nþ 1Þ ¼ � 1
k!

Xk�1

h¼1

X
r2Sk

A0
h, 1ðBlrð1Þ ðxÞ, :::,BlrðhÞ ðxÞ, yÞ,A0

k�h, 1ðBlrðhþ1Þ ðxÞ, :::,BlrðkÞ ðxÞ, zÞ
h i

, k � 2,

Qðk, sÞ ¼ � 1
k!

Xnþ1�s

r¼0

Xk�1

p¼1

X
r2Sk

h
A0
p, 1ðBlrð1Þ ðxÞ, :::,BlrðpÞ ðxÞ,A0

r, 1ðx, yÞÞ,

A0
k�p, 1ðBlrðpþ1Þ ðxÞ, :::,BlrðkÞ ðxÞ,A0

nþ1�s�r, 1ðx, zÞÞ
i
,

�
Xnþ1�s

r¼1

A0
r, 1ðx, yÞ,A0

k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0
nþ1�s�r, 1ðx, zÞÞ

h i
�
Xn�s

r¼0

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

r, 1ðx, yÞÞ,A0
nþ1�s�r, 1ðx, zÞ

h i
,

k � 2, s 
 n:
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Proof of Theorem 3.1.
Proof. We prove the formula by induction on n. For n¼ 2, the formula has been established in (10).

Suppose that there exists a family ðB2, :::,BnÞ where Bk is an invariant symmetric k-from on h
with values in h such that for any 2 
 r 
 n,

Ar, 1ðx, yÞ ¼ A0
r, 1ðx, yÞ þ

X
1 
 k 
 r

2

� �
l1 þ :::þ lk ¼ s 
 r

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

r�s, 1ðx, yÞÞ: (12)

We look for Bnþ1 : h� � � � � h ! h symmetric and invariant such that

Anþ1, 1ðx, yÞ ¼ A0
nþ1, 1ðx, yÞ þ

X
1 
 k 
 nþ1

2

� �
l1 þ :::þ lk ¼ s 
 nþ 1

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

nþ1�s, 1ðx, yÞÞ

¼ Bnþ1ðxÞ, y
� �þ A0

nþ1, 1ðx, yÞ þ
X

1 
 k 
 nþ1
2

� �
l1 þ :::þ lk ¼ s 
 nþ 1

l1, :::, lk 
 n

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

nþ1�s, 1ðx, yÞÞ

¼ Bnþ1ðxÞ, y
� �þ RðxÞðyÞ,

where R(x) depends only on ðB2, :::,BnÞ:
The idea of the proof is to show that, for any x 2 h, dðDðxÞÞ ¼ 0 where DðxÞ : h ! h is given by

DðxÞðyÞ ¼ Anþ1, 1ðx, yÞ � RðxÞðyÞ: Then since H0ðhÞ ¼ H1ðhÞ ¼ 0 there exists a unique Bnþ1 satisfy-
ing DðxÞðyÞ ¼ ½Bnþ1ðxÞ, y�: By using the fact that D(x) is the polar form of a symmetric form and
H0ðhÞ ¼ 0 one can see that Bnþ1ðxÞ is the polar form of a symmetric form which is also invariant.

Let us compute now dðDðxÞÞ: According to (8), we have

dðix:::ixAnþ1, 1Þðy, zÞ ¼ �
Xn
r¼1

Ar, 1ðx, :::, x, yÞ,Anþ1�r, 1ðx, :::, x, zÞ
� �

:

By expanding this relation using our induction hypothesis given in (12), we get that

dðix:::ixAnþ1, 1Þðy, zÞ ¼ dðix:::ixA0
nþ1, 1Þðy, zÞ þ Sþ T þ U,

where

S ¼ �
Xn�1

r¼1

X
1 
 k 
 nþ1�r

2

� �
s ¼ l1 þ :::þ lk 
 nþ 1� r

A0
r, 1ðx, :::, x, yÞ,A0

k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0
nþ1�r�s, 1ðx, zÞÞ

h i
,

T ¼ �
Xn
r¼2

X
1 
 k 
 r

2

� �
s ¼ l1 þ :::þ lk 
 r

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

r�s, 1ðx, yÞÞ,A0
nþ1�r, 1ðx, :::, x, zÞ

h i
,

U ¼ �
Xn�1

r¼2

X
1 
 k 
 r

2

� �
s1 ¼ l1 þ :::þ lk 
 r

X
1 
 h 
 nþ1�r

2

� �
s2 ¼ p1 þ :::þ ph 
 nþ 1� r

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

r�s1, 1ðx, yÞÞ,A0
h, 1ðBp1ðxÞ, :::,BphðxÞ,A0

nþ1�r�s2, 1ðx, zÞÞ
h i

:

On the other hand, if we denote

Dk, sðxÞðyÞ ¼ A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

nþ1�s, 1ðx, yÞÞ,
we remark that the computation of dðRðxÞÞ is based on Proposition 3.1 where we have computed
the dðDk, sðxÞÞ:
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To conclude, we need to show that

Sþ T þ U ¼
X

1 
 k 
 nþ1
2

� �
l1 þ :::þ lk ¼ s 
 nþ 1

l1, :::, lk 
 n

Qðk, sÞ,

where Q(k, s) is given in Proposition 3.1. Let S1 and T1 be the terms in S and T corresponding to
k¼ 1. We have

S1 ¼ �
Xn�1

r¼1

X
2 
 s 
 nþ 1� r

A0
r, 1ðx, :::, x, yÞ,A0

1, 1ðBsðxÞ,A0
nþ1�r�s, 1ðx, zÞÞ

h i
,

T1 ¼ �
Xn
r¼2

X
2 
 s 
 r

A0
1, 1ðBsðxÞ,A0

r�s, 1ðx, yÞÞ,A0
nþ1�r, 1ðx, :::, x, zÞ

h i
:

On the other hand,X
2
s
n

Qð1, sÞ ¼ �
X
2
s
n

Xn�s

r¼0

A0
1, 1ðBsðxÞ,A0

r, 1ðx, yÞÞ,A0
nþ1�s�r, 1ðx, zÞ

h i
�
X
2
s
n

Xnþ1�s

r¼1

A0
r, 1ðx, yÞ,A0

1, 1ðBsðxÞ,A0
nþ1�s�r, 1ðx, zÞÞ

h i
:

Since

fðr, sÞ, 1 
 r 
 n� 1, 2 
 s 
 nþ 1� rg ¼ fðr, sÞ, 1 
 r 
 nþ 1� s, 2 
 s 
 ng,
fðr � s, sÞ, 2 
 r 
 n, 2 
 s 
 rg ¼ fðr, sÞ, 0 
 r 
 n� s, 2 
 s 
 ng,

S1 þ T1 ¼
P

2
s
n Qð1, sÞ: In the same way, one can see easily that

S� S1 þ T � T1 ¼ �
X

2 
 k 
 nþ1
2

� �
l1 þ :::þ lk ¼ s 
 nþ 1Xnþ1�s

r¼1

A0
r, 1ðx, yÞ,A0

k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0
nþ1�s�r, 1ðx, zÞÞ

h i
�
Xn�s

r¼0

A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

r, 1ðx, yÞÞ,A0
nþ1�s�r, 1ðx, zÞ

h i
:

To conclude, we must show that Q1 ¼ Q2 where

Q1 ¼ �
X

2 
 k 
 nþ1
2

� �
l1 þ :::þ lk ¼ s 
 nþ 1

1
k!

Xnþ1�s

r¼0

Xk�1

p¼1

X
r2Sk

A0
p, 1ðBlrð1Þ ðxÞ, :::,BlrðpÞ ðxÞ,A0

r, 1ðx, yÞÞ,A0
k�p, 1ðBlrðpþ1Þ ðxÞ, :::,BlrðkÞ ðxÞ,A0

nþ1�s�r, 1ðx, zÞÞ
h i

:

Q2 ¼ �
Xn�1

r¼2

X
1 
 p 
 r

2

� �
s1 ¼ l1 þ :::þ lp 
 r

X
1 
 h 
 nþ1�r

2

� �
s2 ¼ m1 þ :::þmh 
 nþ 1� r

A0
p, 1ðBl1ðxÞ, :::,BlpðxÞ,A0

r�s1, 1ðx, yÞÞ,A0
h, 1ðBm1ðxÞ, :::,BmhðxÞ,A0

nþ1�r�s2, 1ðx, zÞÞ
h i

:
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Denote by N2 ¼ f2, 3, :::g, for any l ¼ ðl1, :::, lkÞ 2 N
k, jlj ¼ l1 þ :::þ lk, for any r 2 Sk, lr ¼

ðlrð1Þ, :::, lrðkÞÞ and for k 2 1, :::, nþ1
2

� �� �
and s 
 nþ 1 put

Sðk, sÞ ¼ ðl, r, r, pÞ 2 N
k
2 � Sk � N� N, jlj ¼ s, 0 
 r 
 nþ 1� s, 1 
 p 
 k� 1

n o
and for any ðl, r, r, pÞ 2 Sðk, sÞ put

Uðl,r, r, pÞ ¼ A0
p, 1ðBlrð1Þ ðxÞ, :::,BlrðpÞ ðxÞ,A0

r, 1ðx, yÞÞ,A0
k�p, 1ðBlrðpþ1Þ ðxÞ, :::,BlrðkÞ ðxÞ,A0

nþ1�s�r, 1ðx, zÞÞ
h i

:

Thus

Q1 ¼ �
X

2 
 k 
 nþ1
2

� �
, s 
 nþ 1

1
k!

X
ðl, r, r, pÞ2Sðk, sÞ

Uðl,r, r, pÞ
" #

:

The map Sk � Sðk, sÞ ! Sðk, sÞ, ðl, ðl,r, r, pÞÞ 7! ðll, r � l�1, r, pÞ defines a free action of Sk
and the map ½l,r, r, p� 7! ðlr, r, pÞ identifies the quotient gSðk, sÞ to

gSðk, sÞ ¼ ðl, r, pÞ 2 N
k
2 � N� N, jlj ¼ s, 0 
 r 
 nþ 1� s, 1 
 p 
 k� 1

n o
:

Moreover, Uðl,r, r, pÞ ¼ Uðll, r � l�1, r, pÞ so

Q1 ¼ �
X

2 
 k 
 nþ1
2

� �
, s 
 nþ 1

X
ðl, r, pÞ2 gSðk, sÞ Uðl, Id, r, pÞ
" #

:

On the other hand, put

T ¼
�
ðl,m, p, q, rÞ 2 N

p
2 � N

q
2 � N� N� N, 2 
 r 
 n� 1, jlj 
 r,

jmj 
 nþ 1� r, 1 
 p 
 r
2

	 

, 1 
 q 
 nþ 1� r

2

	 
�
:

We have

Q2 ¼
X

ðl,m, p, q, rÞ2T
Wðl,m, p, q, rÞ,

where

Wðl,m, p, q, rÞ ¼ A0
p, 1ðBl1ðxÞ, :::,BlpðxÞ,A0

r�jlj, 1ðx, yÞÞ,A0
h, 1ðBm1ðxÞ, :::,BmhðxÞ,A0

nþ1�r�jmj, 1ðx, zÞÞ
h i

:

We consider now

J : T ! [
2 
 k 
 nþ1

2

� �
, s 
 nþ 1

gSðk, sÞ

given by

Jðl,m, p, q, rÞ ¼ ððl,mÞ, r � jlj, pÞ 2 gSðpþ q, jlj þ jmjÞ:
Indeed, it is obvious that 2 
 pþ q 
 nþ1

2

� �
, 1 
 p 
 pþ q� 1: Moreover, since jlj 
 r

and jmj 
 nþ 1� r then 0 
 r � jlj 
 nþ 1� ðjlj þ jmjÞ and hence ððl,mÞ, r � jlj, pÞ 2gSðpþ q, jlj þ jmjÞ::
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J is a bijection since we have

J�1ðl, p, rÞ ¼ ððl1, :::, lpÞ, ðlpþ1, :::, lkÞ, p, k� p, s ¼ r þ l1 þ :::þ lpÞ 2 T:

Indeed, we have

2 
 k 
 nþ 1
2

	 

, 1 
 p 
 k� 1 and 0 
 r 
 nþ 1� jlj:

This implies obviously that 1 
 p and 1 
 k� p: Now 2p 
 l1 þ :::þ lp and hence p 
 s
2

� �
: This

with k 
 nþ1
2

� �
imply that k� p 
 nþ1�s

2

� �
: It is obvious that s � 2 and from 0 
 r 
 nþ 1� jlj,

we get

s 
 nþ 1� ðlpþ1 þ :::lkÞ 
 n� 1 and lpþ1 þ :::þ lk 
 nþ 1� s:

This completes the proof. w

4. Analytic linear Lie rack structures on sl2ðRÞ and soð3Þ
We denote by sl2ðRÞ the Lie algebra of traceless real 2� 2-matrices and by soð3Þ the Lie algebra
of skew-symmetric real 3� 3-matrices. We consider them as left Leibniz algebras and the purpose
of this section is to prove that they are rigid in the sense of Definition 1.1. Namely, we will prove
the following theorem.

Theorem 4.1. Let h be either sl2ðRÞ or soð3Þ and . an analytic linear Lie rack structure on h such
that ½ , �. is the Lie algebra bracket of h. Then there exists an analytic function F : R ! R given by

FðuÞ ¼ 1þ
X1
k¼1

aku
k

such that, for any x, y 2 h,

x . y ¼ exp ðFðhx, xiÞadxÞðyÞ,
where hx, xi ¼ 1

2 trðadx � adxÞ. So h is rigid.
The proof of this theorem is based on Theorem 3.1. So the first step is the determination of

symmetric invariant multilinear maps on h ¼ sl2ðRÞ and soð3Þ: To achieve that, we use the
Chevalley restriction theorem for vector-valued functions proved in [14]. We recall its statement
as explained in [4].

Let g be a complex semi-simple Lie algebra, h a Cartan subalgebra, G the connected and sim-
ply connected Lie group of g and H the maximal torus in G generated by exp GðhÞ: We denote
by NGðHÞ the normalizer of H in G. Note that for any a 2 NGðHÞ, Ada leaves h invariant and
W ¼ fAdajh, a 2 NGðHÞg is the Weyl group of h: Let B : g� � � � � g ! g be a symmetric n-mul-
tilinear map which is g-invariant, i.e., for any a 2 G and any x1, :::, xn 2 g,

BðAdax1, :::, AdaxnÞ ¼ AdaBðx1, :::, xnÞ: (13)

This is equivalent to

y,Bðx1, :::, xnÞ
� � ¼Xn

i¼1

Bðx1, :::, y, xi½ �, :::, xnÞ, y, x1, :::, xn 2 g: (14)

We denote by Sgnðg, gÞ the vector space of g-invariant n-multilinear symmetric forms on g with
values in g:
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Let B 2 Sgnðg, gÞ and we denote by eB its restriction to h: From (14), we get that for any
y, x1, :::, xn 2 h,

y, eBðx1, :::, xnÞh i
¼ 0

and hence eBðx1, :::, xnÞ 2 h (since h is a maximal abelian subalgebra). So eB defines a n-multilinear
symmetric map eB : h� � � � � h ! h which is W-invariant. If we denote by SWn ðh, hÞ the vector
space of G-invariant n-multilinear symmetric forms on h with values in h, we get a
map Res : Sgnðg, gÞ ! SWn ðh, hÞ:
Theorem 4.2 ([14]). Res is injective.

Let g be a real semi-simple Lie algebra. The definition of Sgnðg, gÞ is similar to the complex
case. The complexified Lie algebra gC ¼ g � ig of g is also semi-simple and we have an injective

map Sgnðg, gÞ ! Sg
C

n ðgC, gCÞ, which assigns to each g-invariant n-multilinear invariant form B on
g the unique C-multilinear map BC from gC � � � � � gC to gC whose restriction to g is B. By
using (14) one can see easily that since B is g-invariant then BC is gC-invariant.

We will now apply Theorem 4.2 and the embedding above to compute Sgnðg, gÞ for any n 2 N
�

when g ¼ sl2ðCÞ, g ¼ sl2ðRÞ or g ¼ soð3Þ:
Let g ¼ sl2ðCÞ, g ¼ sl2ðRÞ or g ¼ soð3Þ: For any n 2 N

�, we define P : g2n ! K ðK ¼ R,CÞ by

Pnðx1, :::, x2nÞ ¼ 1
ð2nÞ!

X
r2S2n

hxrð1Þ, xrð2Þi:::hxrð2n�1Þ, xrð2nÞi and P0 ¼ 1,

where hx, xi ¼ 1
2 trðad2xÞ: This defines a symmetric invariant form on g and the map Bg

n : g
2nþ1 !

g given by

Bg
nðx1, :::, x2nþ1Þ ¼

X2nþ1

k¼1

Pnðx1, :::, x̂k, :::, x2nþ1Þxk

is symmetric and invariant.

Theorem 4.3. Let g ¼ sl2ðCÞ. Then, for any n 2 N
�, we have

Sg2nðg, gÞ ¼ 0 and Sg2nþ1ðg, gÞ ¼ CBg
n:

Proof. A Cartan subalgebra of g is h ¼ C
1 0
0 �1

� 
which is one dimensional and hence, for any

n 2 N
�, the dimension of SWn ðh, hÞ is less than or equal to 
 1: By virtue of Theorem 4.2 we get

dimSgnðg, gÞ 
 1: Moreover, the associated Lie group to h is H ¼ z 0
0 z�1

� 
, z 2 C

�
� �

and one

can see easily that a ¼ 0 1
�1 0

� 
2 NGðHÞ and hence Adajh 2 W: Now

Ada
1 0
0 �1

� 
¼ a

1 0
0 �1

� 
a�1 ¼ � 1 0

0 �1

� 
:

Thus for any B 2 SWn ðh, hÞ, the invariance by Ada implies that, for any x1, :::, xn 2 h,

ð�1ÞnBðx1, :::, xnÞ ¼ �Bðx1, :::, xnÞ:
So if n is even then B¼ 0 and hence Sgnðg, gÞ ¼ 0: If n ¼ 2pþ 1 is odd, the restriction theorem
shows that dimSg2pþ1ðg, gÞ 
 1 and since Bg

p 2 Sg2pþ1ðg, gÞ we get the result. w

If g ¼ sl2ðRÞ or g ¼ soð3Þ then gC is isomorphic to sl2ðCÞ and since the invariants of g are
embedded in the invariants of gC we get the following corollary.
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Corollary 4.1. If g ¼ sl2ðRÞ or g ¼ soð3Þ then, for any n 2 N
�, we have

Sg2nðg, gÞ ¼ 0 and Sg2nþ1ðg, gÞ ¼ RBg
n:

Let us pursue our preparation of the proof of Theorem 4.1. Let h ¼ sl2ðRÞ or soð3,RÞ and
x 2 h: Then

x ¼ a b
c �a

� 
or x ¼

0 a b
�a 0 c
�b �c 0

0@ 1A:

Put

hx, xi ¼
1
2
trðad2xÞ ¼ 2trðx2Þ ¼ 4ða2 þ bcÞ if h ¼ sl2ðRÞ,

1
2
trðad2xÞ ¼

1
2
trðx2Þ ¼ �a2 � b2 � c2 if h ¼ soð3Þ:

8>><>>:
The following formula which is true in both sl2ðRÞ and soð3Þ is easy to check and will play a
crucial role in the proof of Theorem 4.1. Indeed, for any x, y 2 h,

adx � adxðzÞ ¼ �hx, zixþ hx, xiz: (15)

This implies easily, by virtue of Corollary 2.2, that

A0
2n, 1ðx, yÞ ¼

hx, xin�1

ð2nÞ! ad2xðyÞ ¼
hx, xin
ð2nÞ! y�

hx, xin�1hx, yi
ð2nÞ! x, n � 1,

A0
2nþ1, 1ðx, yÞ ¼

hx, xin
ð2nþ 1Þ! x, y½ �, n � 0:

8>>>><>>>>: (16)

Proposition 4.1. Let h be either sl2ðRÞ or soð3Þ and . an analytic linear Lie rack product on h
such that ½ , �. is the Lie algebra bracket of h. Then there exists a sequence ðUnÞn2N� with
U1 ¼ 1, U2 ¼ 1

2, for any x, y 2 h,

x . y ¼ yþ
X1
n¼0

U2nþ1hx, xin
 !

x, y½ � þ
X1
n¼1

U2nhx, xin�1

 !
ad2xðyÞ

and for any n 2 N
�,

U2n ¼ 1
2

Xn�1

r¼0

U2rþ1U2ðn�rÞ�1 �
Xn�1

r¼1

U2rU2ðn�rÞ

" #
:

Proof. By virtue of Theorem 1.1, x . y ¼P1
n¼0 An, 1ðx, yÞ where the sequence ðAn, 1Þ satisfies (5).

Moreover, since h is simple H0ðhÞ ¼ H1ðhÞ ¼ 0 and we can apply Theorem 3.1. Thus

An, 1ðx, yÞ ¼ A0
n, 1ðx, yÞ þ

X
2k 
 s ¼ l1 þ :::þ lk 
 n

1 
 k 
 n
2

� �
A0
k, 1ðBl1ðxÞ, :::,BlkðxÞ,A0

n�s, 1ðx, yÞÞ,

and the Bl are symmetric invariant. By virtue of Corollary 4.1,

B2l ¼ 0 and B2lþ1ðxÞ ¼ clhx, xilx:

14 H. ABCHIR ET AL.



Thus

An, 1ðx, yÞ ¼ A0
n, 1ðx, yÞ þ

X
2k 
 s ¼ 2l1 þ :::þ 2lk þ k 
 n

1 
 k 
 n
2

� �
cl1 :::clkhx, xil1þ:::þlkA0

k, 1ðx,A0
n�s, 1ðx, yÞÞ:

But by using Corollary 2.2, we have A0
k, 1ðx,A0

n�s, 1ðx, yÞÞ ¼ ðnþk�sÞ!
k!ðn�sÞ! A

0
n�2ðl1þ:::þlkÞðx, yÞ and hence we

can write

An, 1ðx, yÞ ¼
Xn�1

2½ �

l¼0

Kn, lhx, xilA0
n�2lðx, yÞ,

where Kn, l are constant such that Kn, 0 ¼ 1: Note that in particular A2, 1ðx, yÞ ¼ A0
2, 1ðx, yÞ: Now by

using (16), we get

A2nþ1, 1ðx, yÞ ¼
Xn
l¼0

K2nþ1, lhx, xilA0
2ðn�lÞþ1ðx, yÞ

¼
Xn
l¼0

K2nþ1, lhx, xil 1
ð2ðn� lÞ þ 1Þ! hx, xi

n�l x, y½ �

¼ U2nþ1hx, xin x, y½ � ¼ C2nþ1A
0
2nþ1, 1ðx, yÞ,

where U2nþ1 ¼ C2nþ1
ð2nþ1Þ! are constant. In the same way, one can show that there exists constants

U2n ¼ C2n
ð2nÞ! such that

A2n, 1ðx, yÞ ¼ U2nhx, xin�1ad2xðyÞ ¼ C2nA
0
2n, 1ðx, yÞ,

and get the desired expression of x . y:
On the other hand, the Equation (5) for q¼ 1 and p ¼ 2n holds for both the An and the A0

n so
we get

A2n, 1ðx, y, z½ �Þ ¼ C2nA
0
2n, 1ðx, y, z½ �Þ

¼ C2n y,A0
2n, 1ðx, zÞ

h i
þ C2n A0

2n, 1ðx, yÞ, z
h i

þ C2n

X2n�1

r¼1

A0
r, 1ðx, yÞ,A0

2n�r, 1ðx, zÞ
h i

¼ C2n y,A0
2n, 1ðx, zÞ

h i
þ C2n A0

2n, 1ðx, yÞ, z
h i

þ
X2n�1

r¼1

CrC2n�r A0
r, 1ðx, yÞ,A0

2n�r, 1ðx, zÞ
h i

:

Thus X2n�1

r¼1

ðC2n � CrC2n�rÞ A0
r, 1ðx, yÞ,A0

2n�r, 1ðx, zÞ
h i

¼ 0

and hence

0 ¼
Xn�1

r¼1

ðC2n � C2rC2ðn�rÞÞ A0
2r, 1ðx, yÞ,A0

2ðn�rÞ, 1ðx, zÞ
h i

þ
Xn�1

r¼0

ðC2n � C2rþ1C2ðn�rÞ�1Þ A0
2rþ1, 1ðx, yÞ,A0

2ðn�r�1Þþ1, 1ðx, zÞ
h i

:

By using (16) we get
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0 ¼
Xn�1

r¼1

ðC2n � C2rC2ðn�rÞÞhx, xin�2

ð2rÞ!ð2ðn� rÞ!Þ ad2xðyÞ, ad2xðzÞ
� �

þ
Xn�1

r¼0

ðC2n � C2rþ1C2ðn�rÞ�1Þhx, xin�1

ð2r þ 1Þ!ð2ðn� rÞ � 1Þ! x, y½ �, x, y½ �½ �:

One can show easily by using (15) that

ad2xðyÞ, ad2xðzÞ
� �þ hx, xi x, y½ �, x, z½ �� � ¼ 0

and deduce thatXn�1

r¼1

1
ð2rÞ!ð2ðn� rÞ!Þ ðC2n � C2rC2ðn�rÞÞ ¼

Xn�1

r¼0

1
ð2r þ 1Þ!ð2ðn� rÞ � 1Þ! ðC2n � C2rþ1C2ðn�rÞ�1Þ:

On the other hand

0 ¼ ð1� 1Þ2n ¼
Xn
r¼0

ð2nÞ!
ð2rÞ!ð2ðn� rÞÞ!�

Xn�1

r¼0

ð2nÞ!
ð2r þ 1Þ!ð2ðn� rÞ � 1Þ! ,

and finally,

C2n

ð2nÞ! ¼
1
2

Xn�1

r¼0

1
ð2r þ 1Þ!ð2ðn� rÞ � 1Þ!C2rþ1C2ðn�rÞ�1 �

Xn�1

r¼1

1
ð2rÞ!ð2ðn� rÞ!ÞC2rC2ðn�rÞ

" #
:

To complete the proof, it suffices to replace Cr
r! by Ur. w

Proof of Theorem 4.1.
Proof. According to Proposition 4.1, there exists a sequence ðUnÞn2N� with U1 ¼ 1, U2 ¼ 1

2 , for
any x, y 2 h,

x . y ¼ yþ
X1
n¼0

U2nþ1hx, xin
 !

x, y½ � þ
X1
n¼1

U2nhx, xin�1

 !
ad2xðyÞ

and for any n 2 N
�,

U2n ¼ 1
2

Xn�1

r¼0

U2rþ1U2ðn�rÞ�1 �
Xn�1

r¼1

U2rU2ðn�rÞ

" #
: (17)

We will show that there exists a unique sequence ðanÞn�1 such that the function FðtÞ ¼
1þP1

t¼1 ant
n satisfies

x . y ¼ exp ðFðhx, xiÞadxÞðyÞ ¼ yþ
X1
n¼0

Fðhx, xiÞ2nþ1A0
2nþ1, 1ðx, yÞ þ

X1
n¼1

Fðhx, xiÞ2nA0
2n, 1ðx, yÞ:

Thus

exp ðFðhx, xiÞadxÞðyÞ ¼ yþ
X1
n¼0

Fðhx, xiÞ½ �2nþ1hx, xin
ð2nþ 1Þ!

 !
x, y½ � þ

X1
n¼1

Fðhx, xiÞ½ �2nhx, xin�1

ð2nÞ!

 !
ad2xðyÞ:

Put ½Fðhx, xiÞ�n ¼P1
m¼0 Bn,mhx, xim and compute the coefficients Bn,m: Indeed,

Fðhx, xiÞ½ �n ¼ 1þ a1hx, xi þ a2hx, xi2 þ :::þ amhx, xim þ R
� �n

¼ 1þ a1hx, xi þ a2hx, xi2 þ :::þ amhx, xim
� �n þ P,
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where P contains terms of degree � mþ 1: The multinomial theorem gives

1þ a1hx, xi þ a2hx, xi2 þ :::þ amhx, xim
� �n ¼ X

k0þ:::þkm¼n

n!
k0!k1!:::km!

ak11 :::a
km
m hx, xik1þ2k2þ:::þmkm :

Thus

Bn, 0 ¼ 1 and Bn,m ¼
X

k1þ2k2þ:::þmkm¼m, k0þk1þ:::þkm¼n

n!
k0!k1!:::km!

ak11 :::a
km
m for m � 1:

So X1
n¼0

Fðhx, xiÞ2nþ1hx, xin
ð2nþ 1Þ! ¼

X1
n¼0

X1
m¼0

B2nþ1,mhx, ximþn

ð2nþ 1Þ! ¼
X1
n¼0

Xn
p¼0

B2pþ1, n�p

ð2pþ 1Þ!

 !
hx, xin,

X1
n¼1

Fðhx, xiÞ2nhx, xin�1

ð2nÞ! ¼
X1
n¼1

X1
m¼0

B2n,mhx, ximþn�1

ð2nÞ! ¼
X1
n¼1

Xn
p¼1

B2p, n�p

ð2pÞ!

 !
hx, xin�1:

For sake of simplicity and clarity, put

Vn,mða1, :::, amÞ ¼ Bn,m

n!
¼

X
k1þ2k2þ:::þmkm¼m, k0þk1þ:::þkm¼n

ak11 :::a
km
m

k0!k1!:::km!
:

To prove the theorem we need to show that there exists a unique sequence ðanÞn�1 such that

U2nþ1 ¼
Xn
p¼0

V2pþ1, n�pða1, :::, an�pÞ, n � 1, (18)

U2n ¼
Xn
p¼1

V2p, n�pða1, :::, an�pÞ, n � 1: (19)

Note first that the relation (17) and the fact that U2 ¼ 1
2 defines the sequence ðU2nÞn�1 entirely in func-

tion of the sequence ðU2nþ1Þn�0: On the other hand, since V1, nða1, :::, anÞ ¼ an and U1 ¼ 1 then

U3 ¼ a1 þ 1
3!

and U2nþ1 ¼ an þ
Xn
p¼1

V2pþ1, n�pða1, :::, an�pÞ, n � 2:

Since the quantity
Pn

p¼1 V2pþ1, n�pða1, :::, an�pÞ depends only on ða1, :::, an�1Þ, these relations

define inductively and uniquely the sequence ðanÞn�1 in function of ðU2nþ1Þn�0: To achieve the
proof we need to prove (19). We will proceed by induction and we will use the following relation

@Vn,m

@al
ða1, :::, amÞ ¼ Vn�1,m�lða1, :::, am�lÞ, l ¼ 1, :::,m: (20)

Indeed,

@Vn,m

@al
ða1, :::, amÞ ¼

X
k1þ2k2þ:::þmkm¼m, k0þk1þ:::þkm¼n, kl�1

ak11 :::a
kl�1
l :::akmm

k0!k1!:::ðkl � 1Þ!:::km!

¼k
0
l¼kl�1 X

k1þ2k2þ:::þlk0lþ:::þmkm¼m�l, k0þk1þ:::þk0lþ:::þkm¼n�1

ak11 :::a
k0l
l :::a

km
m

k0!k1!:::ðk0lÞ!:::km!
:

To conclude, it suffices to remark that in the relation

k1 þ 2k2 þ :::þ lk0l þ :::þmkm ¼ m� l
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the left side is a sum of nonnegative numbers and the right side is nonnegative so ðm� lþ
1Þkm�lþ1 ¼ ::: ¼ mkm ¼ 0 and hence the relation is equivalent to

k1 þ 2k2 þ :::þ ðm� lÞkm�l ¼ m� l:

Now, we are able to prove (19). We proceed by induction. For n¼ 1, we have U2 ¼ 1
2 and V2, 0 ¼

1
2 : Suppose that the relation holds from 1 to n� 1. By virtue of (17), we have

U2n ¼ 1
2

Xn�1

r¼0

U2rþ1U2ðn�rÞ�1 �
Xn�1

r¼1

U2rU2ðn�rÞ

" #
and all the Ur appearing in this formula are given by (18) and (19) this implies that U2n is a
function of ða1, :::, an�1Þ and we can put U2n ¼ Hða1, :::, an�1Þ: We can also putXn

p¼1

V2p, n�pða1, :::, an�pÞ ¼ Gða1, :::, an�1Þ:

To show that U2n satisfies (19) is equivalent to showing

Hð0Þ ¼ Gð0Þ and
@H
@al

¼ @G
@al

, l ¼ 1, :::n� 1:

But Vn,mð0Þ ¼ 0 if m � 1 and Vn, 0ð0Þ ¼ 1
n! : Hence

Hð0Þ ¼ 1
2

Xn�1

r¼0

1
ð2r þ 1Þ!ð2ðn� rÞ � 1Þ!�

Xn�1

r¼1

1
ð2rÞ!ð2ðn� rÞÞ!

 !

¼ 1
2

Xn�1

r¼0

1
ð2r þ 1Þ!ð2ðn� rÞ � 1Þ!�

Xn
r¼0

1
ð2rÞ!ð2ðn� rÞÞ!

 !
þ 1
ð2nÞ!

¼ � 1
2
ð1� 1Þ2n þ 1

ð2nÞ! ¼
1

ð2nÞ! ,

Gð0Þ ¼ V2n, 0ð0Þ ¼ 1
ð2nÞ! ¼ Hð0Þ:

For r ¼ 0, :::, n� 1, by induction hypothesis U2rþ1 is given by (18) and by using (20) one can see

easily that @U2rþ1
@al

¼ U2ðr�lÞ if l ¼ 1, :::, r and 0 if l � r þ 1: Similarly, we have @U2r
@al

¼ U2ðr�lÞ�1 if l ¼
1, :::, r � 1 and 0 if l � r: For sake of simplicity, we put

@U2rþ1

@al
¼ U2ðr�lÞ and

@U2r

@al
¼ U2ðr�lÞ�1

with the convention U0 ¼ 1 and Us ¼ 0 if s is negative. Then, for l ¼ 1, :::, n� 1, we have

@H
@al

¼ 1
2

Xn�1

r¼0

@U2rþ1

@al
U2ðn�rÞ�1 þ

@U2ðn�rÞ�1

@al
U2rþ1

� 
�
Xn�1

r¼1

@U2r

@al
U2ðn�rÞ þ

@U2ðn�rÞ
@al

U2r

� " #

¼ 1
2

Xn�1

r¼0

U2ðr�lÞU2ðn�rÞ�1 þ U2ðn�r�l�1ÞU2rþ1
� ��Xn�1

r¼1

U2ðr�lÞ�1U2ðn�rÞ þ U2ðn�r�lÞ�1U2r
� �" #

¼ 1
2

Xn�1�l

r¼0

U2rU2ðn�r�lÞ�1 þ 1
2

Xn�1

r¼0

U2ðn�r�l�1ÞU2rþ1 � 1
2

Xn�l�2

r¼0

U2rþ1U2ðn�r�l�1Þ � 1
2

Xn�1

r¼1

U2ðn�r�lÞ�1U2r

¼ 1
2
U2ðn�lÞ�1 þ 1

2

Xn�1

r¼n�l�1

U2ðn�r�l�1ÞU2rþ1 � 1
2

Xn�1

r¼n�l

U2ðn�r�lÞ�1U2r

¼ U2ðn�lÞ�1:

This completes the proof. w
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