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1. Introduction

A para-complex structure on a 2n-dimensional manifold M is a field K of involutive
endomorphisms (K? = Idr)s) such that the eigendistributions 7% M with eigenvalues &1
have constant rank n and are integrable. In the presence of a pseudo-Riemannian metric,
this notion leads to the notion of para-Kéahler manifolds. A para-Kdhler structure on a
manifold M is a pair (g, K), where g is a pseudo-Riemannian metric and K is a parallel
skew-symmetric para-complex structure. If (g, K) is a para-Kéhler structure on M, then
w = g o K is a symplectic structure and the +1-eigendistributions T*M of K are two
integrable w-Lagrangian distributions. Thus, a para-Ké&hler structure can be identified
with a bi-Lagrangian structure (w, T M), where w is a symplectic structure and T+ M
are two integrable Lagrangian distributions. If (M, g, K) is a para-K&hler manifold and
J is a parallel field of skew-symmetric endomorphisms such that J? = —Idpys and
JK = —KJ, then (M, g, K, J) is called a hyper-para-Kdihler manifold or hyper-symplectic
manifold. The notion of an almost para-complex structure (or almost product structure)
on a manifold was introduced by Rasevskii [19] and Libermann [17]. A previous study
[12] provided a survey of para-Kéhler geometries. Hyper-para-Kéhler structures were
introduced by Hitchin [14] and they have become an important area of research recently,
mainly because of their applications in theoretical physics (especially in dimension 4).
For example, [9] provides a discussion of the relationship between hyper-para-Kéahler
metrics and the NV = 2 superstring. When the manifold is a Lie group G, the metric and
the para-complex structure are considered left-invariant, where they are both determined
by their restrictions to the Lie algebra g of G. In this situation, (g, g., K.) is called a
para-Kdihler Lie algebra. We also recover the notion of hyper-para-Kdhler Lie algebra when
we start from a left invariant hyper-para-Kéahler structure on a Lie group. Para-Kéahler
and hyper-para-Kéhler Lie algebras have been studied widely [1,3,5-7].

In the present study, we consider para-Kéhler and hyper-para-Kéhler Lie algebras.
We obtain some known results using a new approach, which we consider simplifies both
the presentation and the proofs. In the final part of this study, we provide some new
results that facilitate a better understanding of these algebras and the construction of rich
classes of non-trivial new examples. The basic tools used in the study of para-Kéahler and
hyper-para-Kéhler Lie algebras are two types of algebras: left symmetric algebras, which
have been studied widely, and a less well-known class of left symmetric algebras endowed
with invariant symplectic forms, which are referred to as special symplectic Lie algebras
in [4]. We refer to these algebras as symplectic left symmetric algebras. Our study also
considers the construction of large classes of left symmetric algebras, symplectic left
symmetric algebras, and symplectic Lie algebras.

The remainder of this paper is organized as follows. In Sections 2 and 3, we recall
some basic definitions and we use a new approach to obtain some known characteriza-
tions of para-Kéahler Lie algebras. In particular, we consider the notion of left symmetric
bialgebras introduced by Bai [5]. We introduce the notion of quasi-S-matrices as a gener-
alization of the S-matrices introduced by Bai. Proposition 3.7 describes the Lie algebra
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structure of the para-Kéhler Lie algebra associated with a quasi-S-matrix, which plays
a crucial role in Sections 6-7. We also show (see Remark 2 (b)) that a quasi-S-matrix
on a left symmetric algebra U defines a Lie triple system on U* (see [15,18,20] for the
definition and properties of Lie triple systems). In Section 4, we develop some general
methods for building new examples of para-Kéhler Lie algebras. In Section 5, we provide
a new characterization of hyper-para-Kéhler Lie algebras based on a notion of the com-
patibility between two left symmetric products on a given vector space (see Theorem 5.1
and Definition 5.1). Sections 6—7 consider quasi-S-matrices on symplectic Lie algebras,
symplectic left symmetric algebras, and pseudo-Riemannian flat Lie algebras. On a sym-
plectic Lie algebra with its canonical left symmetric product, the set of quasi-S-matrices
is in bijection with the set of solutions of an equation that generalizes the modified
Yang-Baxter equation (see Proposition 6.1). As a consequence, we obtain a method for
building a new class of para-Kéhler Lie algebras (see Theorem 6.1) as well as a new class
of Lie algebras with a Lie triple system (see Remark 4). On a symplectic left symmetric
algebra or a pseudo-Riemannian flat Lie algebra, the set of S-matrices is in bijection with
the set of operators that generalize O-operators (see Proposition 7.1). Thus, we obtain
a method for building a new class of para-Kéahler and hyper-para-Kéahler Lie algebras
(see Theorems 7.1-7.2). We also determine a new class of Lie algebras with a Lie triple
system (see Remark 5). In Section 8, we provide all the four-dimensional para-Kéhler
Lie algebras. We use a method that differs from the one described in [1], which has the
advantage of simplifying the calculations greatly. In Section 9, we provide a complete
description of associative symplectic left symmetric algebras (see Theorems 9.1-9.2).

Notations For a Lie algebra g, its bracket will be denoted by [, ] and for any u € g, ad,,
is the endomorphism of g given by ad, (v) = [u,v]. If A: g — g is an endomorphism,
the Nijenhuis torsion of A is given by

Na(u,v) = [Au, Av] — A[Au,v] — Afu, Av] + A%[u, v]. (1)

If (U,.) is an algebra, for any u € U, L,, R, : U — U denote the left and the right
multiplication by u given by L, (v) = u.v and Ry, (v) = v.u, respectively. The commutator
of (U,.) is the bracket on U given by [u,v] = u.v — v.u. The curvature of (U,.) is the
tensor K given by

K(u, ’U) = [Lu, Ly] — L[u v]+

)

Then, for any u,v,w € U, we have the Bianchi identity

Flufoul) = Ko, 2)

where ¢ denotes the cyclic sum. The product on U is called Lie-admissible if its com-
mutator is a Lie bracket, i.e., for any u,v,w € U,
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7([% v, w]] = }{K(u, ) =0,

Let V be a vector space and F is an endomorphism of V. We denote F! : V* — V* as
the dual endomorphism. For any X € V and a € V*, we denote o(X) by <a, X>. The
phase space of V' is the vector space ®(V') := V@ V™ endowed with the two nondegenerate
bilinear forms (, Yo and g given by

(u+a,v+ B)o = <a,v=+ <B,u= and Qo(u+ a,v+ ) = <6, u= — <a,v-.
We denote Ky : (V) — ®(V) as the endomorphism given by Ko(u + @) = u — a.
Let w € A2V*, which is nondegenerate. We denote b : V. — V* as the isomorphism

given by b(v) = w(v,.). Put T(V) :=V x V and define (, )1, Q, K1, J; on T(V) by

1 [(u,v), (w, 2)] = w(z,u) —w(v,w), ((u,v), (w,2))1 =w(z,u)+ w(,w),

Ki(u,v) = (u,—v) and Ji(u,v) = (—v,u).

Finally, if p : ¢ — End(V) is a representation of a Lie algebra, we denote p* : g —
End(V*) as the dual representation given by p*(X)(a) = —p(X)!(«).

2. Some definitions

In this section, we recall some definitions of different types of algebraic structures,
which are used throughout this study.

e A complex structure on a Lie algebra g is an isomorphism J : g — g that satisfies
J? = —Idy and Ny = 0. A complex structure J is called abelian if for any u,v € g,

[Ju, Jv] = [u,v].

A para-complex structure on a Lie algebra g is an isomorphism K : g — g that sat-
isfies K? = Idg, Nx = 0 and dim ker(K + Idy) = dimker(K —Idy). A para-complex
structure K is called abelian if for any u,v € g,

[Ku, Kv] = —[u,v].

A complex product structure on g is a couple (J, K), where J is a complex structure,
K is a para-complex structure, and KJ = —JK.

o A pseudo-Riemannian Lie algebra is a finite-dimensional Lie algebra (g, [, |) endowed
with a bilinear symmetric nondegenerate form ( , ). The associated Levi-Civita
product is the product on g, (u,v) — w.v, which is given by Koszul’s formula

2(u.v,w) = ([u, v}, w) + ([w, ul, v) + ([w, v], u). (3)
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This product is determined entirely by the fact that it is Lie-admissible, i.e., [u,v] =
u.v — v.u, and for any u € g, the left multiplication by u is skew-symmetric with
respect to ( , ). We say that (g,[, ]) is flat when its Levi-Civita product has a
vanishing curvature.

An algebra (U, .) is called left symmetric if

ass(u, v, w) = ass(v, u,w),

where ass(u,v,w) = (u.v).w — u.(v.w). This relation is equivalent to the vanishing
of the curvature of (U, .). Relation (2) implies that a left symmetric product is Lie-
admissible. If (U,.) is a left symmetric algebra, then the Lie algebra (U,[, ]) has
two representations, i.e., ady : U — End(U), v — ad,, and Ly : U — End(U),
U — Ly,.

Any associative algebra is a left symmetric algebra and if a left symmetric algebra
is abelian then it is associative.

A symplectic Lie algebra is a Lie algebra (g,w) endowed with a bilinear skew-
symmetric nondegenerate form w such that for any u,v,w € g,

w([u,v],w) + w([v,w],u) + w([w, u],v) = 0.
According to a well-known result [11], the product a : g x g — g given by
w(a(u, U)7 ’LU) = —W(U, [ua UJ]) (4)

induces a left symmetric algebra structure that satisfies a(u, v)—a(v,u) = [u,v] on g.
We denote a as the left symmetric product associated with (g,w).

A symplectic left symmetric algebra is a left symmetric algebra (U, .) endowed with
a bilinear skew-symmetric nondegenerate form w, which is invariant, i.e., for any
u,v,w € U,

w(u.v, w) + w(v,u.w) = 0.
This implies that (U, [, ],w) is a symplectic Lie algebra. Symplectic left symmetric

algebras, which are called special symplectic Lie algebras in [6], play a central role
in the study of hyper-para-Kéhler Lie algebras (see Section 5).

3. Para-Kiahler Lie algebras

The notion of a para-Kéahler Lie algebra is very subtle and it has many equivalent def-

initions, which depend on whether we emphasize its pseudo-Riemannian metric and the

associated Levi-Civita product, or its symplectic form and the associated left symmet-

ric product. There are also many characterizations, i.e., at least three characterizations

in [5], where a para-Kédhler Lie algebra can be characterized as the phase space of a
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Lie algebra, as a matched pair of Lie algebras, or as a left symmetric bialgebra. In this
section, we employ the pseudo-Riemannian viewpoint and we give a new characteriza-
tion based on the Bianchi identity (2). This characterization has the advantage that
it leads easily to the notions of left symmetric bialgebra and the S-matrix introduced
in [5]. At the end of this section, we introduce a generalization of the notion of S-matrix
and we give a precise description of the para-Kéhler Lie algebras associated with these
generalized S-matrices.

A para-Kdhler Lie algebra is a pseudo-Riemannian Lie algebra (g, (, )) endowed with
an isomorphism K : g —> g that satisfies K? = Idy, K is skew-symmetric with respect to
(, ), and K is invariant with respect to the Levi-Civita product, i.e., L, 0 K = KoL, for
any u € g. A para-Kéhler Lie algebra (g, (, ), K) has a natural bilinear skew-symmetric
nondegenerate form 2, which is defined by Q(u,v) = (Ku, v), and we can easily see that:

(g, K) is a para-complex Lie algebra,
(g,Q) is a symplectic Lie algebra,

g=g' ®g ! where g! =ker(K —Id,) and g~* = ker(K + Idy),
1

Ll e

g! and g~! are subalgebras isotropic with respect to ( , ) and Lagrangian with
respect to 2,

5. for any u € g, u.g' C g' and u.g7! C g~! (the dot is the Levi-Civita product).

A para-Kéhler Lie algebra carries two products: the Levi-Civita product and the left
symmetric product a associated with (g,€). The following proposition clarifies their
relationship, where the proof is a simple computation.

Proposition 3.1. Let (g, { , ),Q, K) be a para-Kdihler Lie algebra. Then, for any u,v € g
and o, € g7,

uv =a(u,v) and «o.f=ala,p).

1

In particular, g' and g~ are left symmetric algebras.

Let (g,(, ),Q, K) be a para-Kéhler Lie algebra. For any u € g~!, let u* denote the
element of (g')* given by <u*,v= = (u,v). The map u — u* realizes an isomorphism
between g—! and (g')*. Thus, we can identify (g, (, ),, K) relative to the phase space
(®(g'),{, )o,Q0,Ko). Given this identification and according to Proposition 3.1, the

*

Levi-Civita product induces a product on g* and (g!)*, which coincides with the affine
product a. Thus, both g! and (g!)* carry a left symmetric algebra structure. For any
u € g' and for any a € (g!)*, we denote L, : g — g' and L, : (g*)* — (g!)* as the

left multiplication by u and «, respectively, i.e., for any v € g' and any 8 € (g!)*,

Ly =wuwv=a(u,v) and L,B=a.8=a(q,f).
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The right multiplications R, and R, are defined in a similar manner. The following
proposition shows that the Levi-Civita product and the affine product on g identified
with ®(g') are determined entirely by their restrictions to g* and (g')*. The proof of
this proposition is straightforward.

Proposition 3.2. Let g be a para-Kdhler Lie algebra identified with ®(g'), as described
above. Then,

1. For any u € g* and for any a € (g')*,
wa=-La and awu=-Lu.
2. For any u € g' and for any o € (g')*,
a(u,0) =Rlu—adla and a(a,u) = —ad u+Ria,

*

where ad, : g — g! and ad, : (g')* — (g')* are given by ad,v = [u,v] and

adyf = [, £].

Conversely, let U be a finite dimensional vector space and U™ is its dual space. We
suppose that both U and U* have the structure of a left symmetric algebra. We extend
the products on U and U* to ®(U), for any X,Y € U and for any «, 8 € U*, by putting

(X +a).(Y+8)=XY -LLY — LB+ a.5. (5)

We consider the two bilinear maps p: U x U* — End(U) and p* : U* x U — End(U*)
defined by

p(X,) = Lo, L) + Ly x + L, and p*(@,X) = [LasLy] + Ligo + Lix.  (6)

Note that the endomorphism p*(«, X) is the dual of p(X, ). Now, we give a new char-
acterization of para-Kéhler Lie algebras using the Bianchi identity.

Proposition 3.3. According to the hypothesis above, the product on ®(U) given by (5) is
Lie-admissible if and only if

p(X,0)Y = p(Y, )X and p*(o, X)5 = p*(B, X)ox (7)

for any X, Y € U and any o, € U*. Moreover, this product is left symmetric if and
only if p(X,a) =0, for any X € U and any o € U*.

Proof. According to the Bianchi identity (2), the product given by (5) is Lie-admissible
if and only if, for any u, v, w € ®(U),

K(u, v)w + K(v,w)u + K(w, u)v = 0,
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where K is the curvature of the product. Since the products on U and U* are left
symmetric, for any X,Y, Z € U and for any o, 5,y € U*,

K(X,Y)Z = K(a, B)y = 0.
Thus, the Bianchi identity is equivalent to

KX, Y)a+K(Y,a)X + K(a, X)Y =0, (%)
K(X,a)8 +K(a, )X +K(8, X)a =0, ()

for any XY € U and for any «, 8 € U*. Now, we obviously have
K(X,Y)a = ([Lx,Ly] = Lix.y)) @ =0.
By contrast, a direct computation yields
KY,0)X =p(Y,a)X and K(o,X)Y = —p(X,a)Y.
So (x) is equivalent to p(X,a)Y = p(Y,a)X. A similar computation shows that (xx) is
equivalent to p*(a, X)f = p*(8, X)a. The second part of the proposition follows easily

from the above. O

Definition 3.1. Two left symmetric products on U and U* that satisfy (7) are called
Lie-extendible.

Thus, we obtain the following result.

Theorem 3.1. Let (U,.) and (U*,.) be two Lie-extendible left symmetric products. Then,
(®U),(, )o, Ko) endowed with the Lie algebra bracket associated with the product given
by (5) is a para-Kdhler Lie algebra. Moreover, all para-Kihler Lie algebras are obtained
in this manner.

Example 1. Let (U,.) be a left symmetric algebra. Then, the left symmetric prod-
uct on U and the trivial left symmetric product on U* are Lie-extendible such that
(®(U),(, Yo, Kp) endowed with the Lie algebra bracket associated with the left sym-
metric product

(X +a)p (Y +8)=XY - LB (8)

is a para-Kéhler Lie algebra. We denote [, |* as the Lie bracket associated with . We
have

(X +a,Y+ 8 =[X,Y] - LB+ Lia.
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This is simply the semi-direct product of (U,[ , ]) with U* endowed with the trivial
bracket, and the action of U on U* is given by Lj;. Moreover, it is easy to check that
(®U),[, |, (, )o) is a flat pseudo-Riemannian Lie algebra and that (®(U),>, ) is a
symplectic left symmetric algebra (also see Proposition 4.3 [6]).

In [5], Bai gave a characterization of para-Kéhler Lie algebras, which is similar to that
used for Lie bialgebras, where he called these structures left symmetric bialgebras. Thus,
we present this viewpoint in a new manner using Proposition 3.3.

We consider two left symmetric algebras (U, .) and (U*,.). The products on U and U*,
respectively, define by duality, two maps p : U* — U* @ U* and € : U — U ®U.
Because Lie algebras U and U* have two representations ¥y : U — End(U ® U) and

:U* — End, (U* ® U*) given by

Uy=Ly®ady and Yy =Ly ®ady-.
For any XY € U and for any «, 8 € U*, a direct computation yields

=B, p(X, Q)Y = p(Y,a) X~ = Uy (X)(§(Y))(e, ) = Yo (Y)(E(X))(e, )
—S(X,Y])(a, B),
p*(a, X)B = p*(B, X)a, Y = = Wy (a) (u(B)) (X, Y) = V- (B) (1)) (X, Y)
— il[e, B(X,Y).

By using Proposition 3.3, we recover a result of Bai (see [5] Theorem 4.1).

Proposition 3.4. The product on ®(U) given by (5) is Lie-admissible if and only if £ is
a 1-cocycle of (U,[ , ]|) with respect to the representation Wy and u is a I1-cocycle of
(U*,[, ]) with respect to the representation Wy, i.e., for any X, Y € U, a, 8 € U*,

X, Y]) = Wp(X)(E(Y)) = Yo (Y)(E(X)),

Now, we consider the case where £ is a co-boundary. Indeed, let (U,.) be a left sym-
metric algebra and £ : U — U ® U is a co-boundary of (U, | ]) with respect to ¥y, i.e.,
& = dr, where r € U ® U. By duality, £ define a product on U* by

<a.B, X =1(Lka, B) + r(a,ad f) = Lxr(a, B) — -<Lf#(a)ﬁ, X, (9)

where 1y : U* — U is given by <8,r4(a)> = r(a, 8) and Lxr(a, 8) = r(La, B) +
r(a, LY B).

According to Proposition 3.3, to obtain a para-Kéhler Lie algebra structure on ®(U),
(U*,.) must be a left symmetric algebra and the couple (U,.), (U*,.) must be Lie-
extendible. Note that because £ = dr, then the first equation in (7) holds. Next, we
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determine the conditions under which the second equation in (7) holds and (U*,.) is a
left symmetric algebra. Put r = a 4+ s, where a is skew-symmetric and s is symmetric,
and define L(a) e U* @ U @ U as

L(a)(X,a, 8) = Lxa(a, B).
It follows immediately from (9) that for any «, 5 € U* and X € U,
LLX =14 o0Ll%a+[X,r4(a)] and
<la, 8], X= = <L, g0 = Ly (o) B, X = + 2Lxa(a, B). (10)

We consider the two representations Q : U — End(U@U ®U) and P : U — End(U* ®
U ® U) given by

Q=Ly®Ly®ady and PZL*U ® Ly ® Ly.

We also define A(r) e U@ U @ U ~ End(U* ® U*,U) by

A(r)(e, B) = rg(la, B]) — [ry (@), 14 (B)]- (11)
Proposition 3.5. For any X,Y € U and o, B,y € U*, we have

<p"(a, X)B = p* (8, X)a, Y= = 2P(X)(L(a))(Y, a, B),
<ass(a, B,7) —ass(f, a,7), X = <7, =Q(X)(A(r))(e, B)
+ Ty (p*(Oé,X)ﬂ - p*(ﬁ,X)OL) -

Proof. First, let us compute the associator of o, 5,7 € U* with respect to the product
given by (9). For any X € U, we have

<ass(a, 8,7), X = <a.(8.7), X - — <(a.8).v, X~
=r(La, B.y) +r(a,ady (8.7)) — (L (a.f),7) — r(a.B,ady)
= <B.7,14(L )= + <ad’y (8.9), 14 (@)= — <7, 14 (L (.8))-
— <adiy, Ty (a.f)>
= r(Li#(Lg(a)ﬁv 7) + (B, adﬁ#(thaﬂ) + r(fo,r#(a)]ﬁa )

+ r(ﬂ,adfx’r#(a)]v) — =<, 14 (L (a.8))= — <7, [X, rg(.8)] =
= <7,Ty4 <Lf#(L3{a)6) =+ =<7, [re (L), r4(8)]=
+ =Ty (fo,r#(a)]ﬁ) =4 = [ X ra ()], s (B)] -

- ‘<77r#(LfX(a-6))>_ - =7 [X7 I‘#(Oé.ﬁ)]?-
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In addition,

QIX)(AM))(a,B) = [X,A(r)(a, B)] = A(r) (L, B) — Ar) (e, LX)
= [X,r4([a, B])] = [X, [rg (), v (B)]] + r4([Li e, 8])
— [ry (Lxa) ,rx(8)] + 4 ([a, L5 B]) — [rp(e), r4 (L5 B)].

Thus,
<ass(a, 8,7) —ass(B, a,7), X= + <7, Q(X)(A(r)) (o, B) = = <7, 14(A) -,

where

A=L0, wnaB — Lo, wm@ T Lixis @ — Lixag oy — Ly ([, 8]) + [Lia, f]
+ [, L5 3]

By using the first relation in (10), we obtain
A =1L, xB - Ly yo — Lx ([, B]) + [Lxa, B] + [, Ly ).
Now, according to (6), we have

p*(0, X)B = [La, Li)B + Lig o + Ll <
= a.(Lxf) — Li(a.B) + (Lxa).8 + L x5,

so A = p*(a, X)B — p*(B, X)a and the second assertion follows. Furthermore, by using
the second relation in (10), for any Y € U, we obtain

<A Y- = —2Lx,ya(a, 6) + 2Lya(LtXa, ﬁ) + 2Lyﬂ(0&, foﬁ),
and the first assertion follows. O
Therefore, we obtain the following result.
Theorem 3.2. Let (U,.) be a left symmetric algebra andr = a+s € U@ U. Then, the
product given by (9) is left symmetric and the left symmetric products on (U,U*) are
Lie-extendible if and only if for any X € U
QX)(AM) =0 and P(X)(L(a) =0,

In this case, (®(U),{ , )o,80,Ko) endowed with the Lie bracket associated with the
product given by (5) is a para-Kéihler Lie algebra.
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We obtain the following corollary immediately.

Corollary 3.1. If a is Ly-invariant, i.e. L(a) = 0, then the product given by (9) is left
symmetric and the left symmetric products on (U,U*) are Lie-extendible if and only if
A(r) is Q-invariant.

In fact, the statement in Theorem 3.2 is the same as that in Theorem 5.4 in [5].
To demonstrate this, let us investigate the relationship between A(r) and [[r,r]], which
appear in Bai’s Theorem. Let (U, .) be a left symmetric algebra and r = ), a; ®b;. In [5],
Bai defines [[r, 1]] by

[[Lr]] =T13.r'12 —Iag.T21 + [rzs, rlz] - [r13,r21] - [r13, r23],
where

I'13.T12 — Z a;.aj ® b ® bi, I'23.I'91 — Z bj X ai.aj X bi,

0]

[r23,112] Z a; @ [ai,bj] ®bi,  [ris,ra1] =Y ai, b] @ a; @ b,

(]

I'1371'23 Za”t®a] bzab }

Proposition 3.6. For any o, 8,y € U*, we have

(v, xll(e, B,7) = <7, Alr) (e, )~

Proof. Recall that according to (10), for any X € U,

a= % > oi(a; ®b; — b; ® a;) is the skew-symmetric part of r. We have

ru(a) = Z <a,a;>-b; and rg(B8) = Z =B, a;=b;.

Thus,
==, [rg(a), 14(8)] - Zm ai==f, aj==7, [bi, bj]= = —[r13, r23] (v, B,7).
i,J
Now,
r(LL, g, Z<6,a1>r(Lb a,7) =Y <B,a;-~<Lj a,a;-<7,b;-
i

(]
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In the same manner, we obtain

( r#(a)ﬂ/y Za] b A ®b( 7/877)'

Furthermore,

2r(La(a = QZ <La(a, B), ai==~, b=
=2 Z a(Ll o, B)=<7y, b= +2 Z a(a, LY B)=7, bi-,

23 a(ll, e, B)<v,bi= = > (<Lh a,a;==<B,bj= — <Lk o, b; =<8, a;-) <, bi-

i i,j
= Z ((ai.aj) ® bj X bl - (azb]) X aj X bZ) (O@B,"}/),
i,j
= r13.r12(a, /B»V) - Z(ai.bj) ®a; @ bi(aﬁﬁ),

(]

22 a(a,LZiﬂ)<’y, b= = Z (aj (39 (alb]) ®b; — bj & (ai.aj) ® bz) (OZ7B,")/)

%

_Zaﬂ i) ® bi(a, B,77) — raz.ra1(e, 8, 7).

By combining all of the above, we obtain the desired formula. O

Remark 1.

1. This proposition shows that the statement in Theorem 3.2 is the same as that in
Theorem 5.4 in [5]. However, our proof is easier to obtain because the expression of
A(r) is simpler to handle than that of [[r,r]]. The practical nature of A(r) is crucial
later in the present study, particularly in Sections 6-7.

2. Let (U,.) be a left symmetric algebra and r € U ® U. According to Proposition 3.6,
[[r,r]] = 0 iff rx is a Lie algebra endomorphism. This generalizes Theorem 6.6 in [5],
as stated in the case when r is symmetric.

Now, suppose that r is symmetric and ry is an isomorphism. By using (10), we can
easily see that for any XY, Z € U,

<5 1(2), M) (51 (X), 15 (V) = B(X,Y.Z) - B(Y, X.Z) — B(Z,[X,Y]),

where B € U* @ U* is given by B(X,Y) = <r;(X),Y>. So [[r,7]] = 0 iff B is a
2-cocycle of (U,.). This was proved in a different way in Theorem 6.3 in [5].
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Now, let us introduce a key notion of our study, i.e., the notion of a quasi-S-matrix
as a generalization of the S-matrix that first appeared in [5].

Let U be a left symmetric algebra. A quasi-S-matriz of U is anr € U®U such that its
skew-symmetric part is Ly-invariant and [[r,r]] is Q-invariant. Recall that an S-matriz
of Uisanr € U ® U, which is symmetric and it satisfies

[[r,r]] = 0. (12)

In the following, we focus on the Lie algebra structure on ®(U) associated with a
quasi-S-matrix. We show that Lie algebra can be described in a precise and simple
manner. Indeed, let r be a quasi-S-matrix. Then, according to Theorem 3.2, the product
on U* given by (9) is left symmetric and (®(U),[, ]",{, Yo, Kp) is a para-Kéhler Lie
algebra, where

(X +a,Y+8"=[X,Y]-LsB—-LLY + Lya+ LEX + [o, ).

In Example 1, we showed that ®(U) carries a left symmetric product > and its associated
Lie bracket [, > induces a para-Kéhler Lie algebra structure on ®(U). We define a new
bracket on ®(U) by putting

(X +a,Y + 87" =[X +a,Y + 5" + Alr)(e, ). (13)

The following proposition was inspired by a result that appeared in [13] in the context
of Lie bialgebras and R-matrices (see Proposition 4.2.1.1 in [13]).

Proposition 3.7. (®(U), [, |>") is a Lie algebra and the linear map & : ((U),[, |>") —
(®U),[, 1), X +ar X —ru(a) + « is an isomorphism of Lie algebras.

Proof. Clearly, ¢ is bijective. Let us show that £ preserves the Lie brackets. It is clear
that for any X, Y € U, £ ([X,Y]>") = [£(X),&(Y)]". Now, for any X e U, ao € U*,

£([X,a”") = &(-La)
= ry(La) — Lka
2 LLX - [Xrg(@) - Lka
= [X,—14(a) +a]

= [6(X),&(a)]".

In addition, for any «, 5 € U*,

([, B177) = &(AF)(a, B))
= A(r)(avﬁ)’
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[€(@),&(B)]" = [-rg(a) + o, —r4(B) + 5"
= [rg(a), v (B)] + [0 B] + L, ()8 — Ly, (5@ + Lo (B) — Ligry(a)

= [rala) ra(8) + rp(Liy (5)@) = (L, (0)8) + 14 (8), 74 ()]

= [rp (), 14 (8)]
= ru([o, B]) — [r(a), r4(B)]
= A(r)(«, B). O

We can now transform the para-Kéhler structure associated with r from (®(U), [, ]",

(, Yo, Kp) to ®(U) via & and we obtain the following proposition.

Proposition 3.8. Let (U,.) be a left symmetric algebra and r = a+s5 € U U is a
quasi-S-matriz. Then, (®(U),[, I>",{, )r, K;) is a para-Kaihler Lie algebra, where

<X+Q,Y+ﬁ>7«:<X+O[,Y+ﬂ>0—25(a,ﬂ) and
K. (X +a)=Ko(X +a) —2ru(a).

Remark 2.

a) In fact, using a similar method, we can generalize the result of Diatta [13]. Let
In f: i imil hod li h It of Di 13]. L
(g,], ]) be a Lie algebra and r € gAg. On g* and ®(g), we define two brackets [, |*
and [, |*, respectively, by

[, B" = ad; ()8 — ad;, sy and
(X 4+, Y + 8" = [X,Y] +[a,8]" —ady B — adY +adya + adj X,

and [r,1] € g® g ® g ~ End(g* ® g*, g) by

[r,7](ev, B) = 14 ([a, A7) = [r3 (@), r4(B)]-

Tt is well known that [, |* is a Lie bracket iff [r,r] is ad-invariant. In this case, [, |*

is a Lie bracket. Define a new bracket on ®(g) by putting
(X 4+ a,Y + 6] = [X,Y] +adx 8 — adya + [r,1](a, B).

By using the same argument employed in the proof of Proposition 3.7, we can see that
(®(g),[, ]>") is a Lie algebra and the linear map & : (®(g),[, |°") — (®(g),[, "),
X +a— X —rg(a) + «is an isomorphism of Lie algebras. When [r,1] = 0, we
recover the result of Diatta.

(b) Let (U,.) be a left symmetric algebra and r = a+s € U QU is a quasi-S-matrix. The
Lie algebra (®(U), [, |>") is a Za-graded Lie algebra and hence L : U* xU* xU* —
U* given by
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L(e, B,7) = L) (a.p)Y

is a Lie triple system (e.g., see [15,18,20] for a definition and the properties of Lie
triple systems).

4. Some classes of para-Kahler Lie algebras

In this section, we develop some methods for building para-Kéahler Lie algebras based
on the following proposition, where we employ the notations given in the previous section,
particularly Proposition 3.8.

Proposition 4.1. Let (U,.) be a left symmetric algebra and r = a+s € U ® U, which
is Ly-invariant. Then, L(a) = 0, [[r,r]] = A(r) = 0 and (®U),[, ,]",{, )r K;) a
para-Kdhler Lie algebra. Moreover, the Levi-Civita product of (®(U),[, ,|%,(, )r) is >
given by (8).

Proof. Since r is Ly-invariant, then a and thus L(a) = 0. The vanishing of A(r) is

immediate. Thus, we can apply Proposition 3.8. To conclude, we can easily check that >
is actually the Levi-Civita product of (®(U),[, ,]*,(, )»). O

As a consequence of this proposition, we obtain the following large class of para-Kéahler
Lie algebras.

Proposition 4.2. Let (g,( , )) be a pseudo-Riemannian flat Lie algebra, i.e., the Levi-
Civita product “.” is left symmetric. Denote b : g —> g* as the isomorphism associated
with {, ). Then, (®(g),[, ,]”,(, ), Kb) is a para-Kdihler Lie algebra, where

(X+a,Y+8), = (X +a,Y +B)o— 20" (),b~(B)) and
Ky (X +a)=Ko(X +a) -2 (a).

Moreover, the Levi-Civita product of (®(g),[, ,]",(, )») is > given by (8).

Proof. The Levi-Civita product defines a left symmetric algebra structure on U, and
r € U® U defined by r(a, ) = (~(a),b~1(B) is Ly-invariant, which we can conclude
by using Proposition 4.1. O

Next, we provide some methods for building pseudo-Riemannian flat Lie algebras.
Let (U,].,.],w) be a symplectic Lie algebra and B is a nondegenerate bi-invariant
bilinear symmetric form on U. The isomorphism D defined by

w(X,Y) =B(D(X),Y)

is an invertible derivation and hence U is nilpotent (see [16]). The nondegenerate sym-
metric bilinear form (, ) given by

(X,Y) = B(D(X), D(Y))
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satisfies
(XY, Z)+ (Y, X.Z) =0,

where the dot designates the left symmetric product associated with w given by (4). Thus,
(U,(, )) is a flat pseudo-Riemannian Lie algebra (see [8]). Therefore, any symplectic
quadratic Lie algebra (U, B,w) leads to a flat pseudo-Riemannian Lie algebra (U, (, )).

More generally, let (g,[, ], B) be a quadratic Lie algebra and v € g A g is a solution
of the classical Yang-Baxter equation. The product on g* given by .8 = ad; () B is
left symmetric and thus it induces a Lie bracket [, ], on g*. In fact, this product is the
Levi-Civita product of B* (the induced bilinear nondegenerate symmetric form on g*).
Thus, (g, [, ]v, B*) is a flat pseudo-Riemannian Lie algebra (see [10]).

Now, let us give a method for building symplectic quadratic Lie algebras.

Let n € N* and A be a vector space with a basis {ej1,...,e,}. On A, we consider the
product defined by

€€ = €€; = €i4tj lf?,+]§n, eiej:eje,;:O 1fl+]>n

The vector space A endowed with this product is a commutative and associative algebra.
Let (£,[.,]) be an arbitrary Lie algebra. Then, the following product

X®a,Y@br:=[X,Y]®ab,

defines the structure of a Lie algebra on the vector space T := L ® A. Moreover, the
endomorphism ¢ of 7 defined by

for any X € £ and any ¢ € {1,...,n}, is an invertible derivation of 7.

Now, on the vector space U := T & T*, we define the structure of a symplectic
quadratic algebra in the following manner. For any s,t € T and any f,h € T*, put

[t + f,s+hlu = [t,s]T —hoadr(t) + foadr(s),

B(t+ f,s+h) = f(s) + h(t),
D(t+f)=46(t)— fod,
w(t+ f,s+h)=B(D({t+ f),s+h).

We can easily check that (U, B,w) is a symplectic quadratic Lie algebra.

Proposition 4.3. Let (g,[ , ]) be a Lie algebra, b € A%g is a solution of the classical
Yang-Bazter equation on (g,[ , ]), i-e., [b,b] =0, andr = s+ a € g* ® g*, such that
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ady,, (ot =0, for any o € g*. Then, (2(g), [, 1°,(, )", K") is a para-Kdihler Lie algebra,
where

(X +0,Y + B]” = ady, ()8 — adf,, (50 + by (), Y]+ [X, by (B)],
X+a,Y+5)" =(X+a,Y+5)o—2sX,Y) and
K'(X+a)=—Ko(X +a) = 2ru(X).

Moreover, the Levi-Civita product associated with (®(g),[, |°,(, )") is left symmetric
and it is given by

(X +a)ep (Y + ) = adi, ()8 + [b(a), Y],

Proof. It is well known that the product given by «.3 = adj, 4(a) £ on g* is left symmetric
and that the condition adp,(,)r = 0 is equivalent to r is invariant with respect to
this product on g*. Thus, (g*,.,r) satisfies the hypothesis of Proposition 4.1 and the
proposition follows. O

There is an interesting case in this situation, as follows.

Corollary 4.1. Let (g,[ , |) be a Lie algebra, b € A%g is a solution of the classical
Yang-Baxzter equation on (g, [, |), and k € g*®@g* is the Killing form. Then, (®(g),[, ],
{, )%, K¥) is a para-Kdihler Lie algebra.

5. Hyper-para-K&hler Lie algebras

Hyper-para-Kéahler Lie algebras, which are also known as hyper-symplectic Lie alge-
bras, comprise a subclass of the class of para-Kéhler Lie algebras. Based on the previous
sections, we give a new characterization of these Lie algebras. This characterization leads
to a notion of compatibility between two left symmetric algebra structures on a given
vector space. Since a hyper-para-Kéahler Lie algebra has a complex product structure,
we also obtain a characterization of these structures.

A hyper-para-Kahler Lie algebra is a para-Kéhler Lie algebra (g,( , ), K) endowed
with an endomorphism .J such that J? = —Idy, JK = —KJ, J is skew-symmetric with
respect to ( , ) and J is invariant with respect to the Levi-Civita product. Accord-
ing to Theorem 3.1, a para-Kéhler Lie algebra can be identified in the phase space of
Lie-extendible left symmetric algebras, and thus it is natural to understand how hyper-
para-Kéhler Lie algebras can be described in this setting.

Proposition 5.1. Let (U,.) and (U*,.) be a couple of Lie-extendible left symmetric alge-
bras, (P(U), (, )o, Ko), the associated para-Kihler Lie algebra, and J : ®(U) — ®(U),
an endomorphism. Then, (P(U), (, Yo, Ko, J) is a hyper-para-Kihler Lie algebra if and
only if a bilinear nondegenerate w € N2U* exists such that:
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(i) for any X € U, a € U*, JX =b(X) and Ja = —b~1(a), where b : U — U* is the
isomorphism given by b(X) = w(X,.),
(it) (U,.,w) and (U,o,w) are symplectic left symmetric algebras, where o is given by

X oV =b " (b(X)b(Y)).

Proof. From the relation JKy = —KyJ, we deduce that for any X € U, JX € U*, and
thus J defines an isomorphism b : U — U*. Moreover, from J? = —Idg, we deduce that
Ja = —b~la for any a € U*. The skew-symmetry of .J implies that w € A2U* given by

w(X,Y) ==<b(X), Y~

is skew-symmetric and it is actually nondegenerate. Now, J is invariant if and only if for
any X,Y,€ U and any o, § € U*,

—LE(JY) = J(X.Y), X.J(a) = —J(Lka), a.J(X)=—J(L,X) and
~L&(JB) = J(a.B).

This is equivalent to

Liob+boLx =btoLl +Lxob ' =0 and
Lgobfl—kb*loLa:boLg—FLaob:O,

for any X € U, a € U*. Now, it is obvious that these relations are equivalent to
Lyob+boLx =0 and boLl +L,o0b=0, (14)
for any X € U, a € U*. We can see easily that this is equivalent to
wXY,Z2)+w(V,X.Z)=0 and w(XoY,Z)+w(Y,XoZ)=0,

for any X,Y,Z € U. Thus, (U,.,w) and (U, o,w) are symplectic left symmetric algebras.
Obviously, the converse is true. O

Now, let U be a vector space, and w € A2U* nondegenerate and e, o are two products
on U such that (U,e,w) and (U,o,w) are symplectic left symmetric algebras. Define
Jo: ®(U) — ®(U) by JoX =b(X) and Joa = —b~1(a), and denote b(o) as the product
on the U* image by b of o. Let the dot denote the product on ®(U), which extends (U, o)
and (U*,b(0)) by (5). By using (14), it is easy to see that for any X,Y € U, o, 5 € U™,

(X o)y +A) =X oY b a)o¥ — (L) A- (L)' (15)
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In Proposition 3.3, we showed that this product is Lie-admissible iff (7) holds. Given w,
we can identify ®(U) as T(U). Indeed, we define £ : T(U) — ®(U) by

£X,0)=X and £(0,X)=b(X).

We have Q1 = £*Qq, (, )1 =&*(, )o, K1 =6 toKgofand J; = & Lo Jyo&. It is easy
to check that

(X Y)(ZT) = € (EXY)EZT) = (X e Z,X o T) + (Yo Z,Y oT).  (16)
Now, by using (14), we can see easily that for any X € U and any « € U*,

p(X,a) = —K*°(X,p"(a)) and p*(a,X)=boK**(X,b7 (a))ob™!,
where

K**(X,Y) = [L%, L3 — (Lay — Lox)

(To distinguish between e and o, we denote L% as the left multiplication by X associated
with e, and so on). Thus, by using Proposition 3.3, we obtain the following proposition,
which actually does not involves w.

Proposition 5.2. Let U be a vector space and e, o are two left symmetric products on U.
The following assertions are equivalent.

1. The product given by (16) is Lie-admissible.
2. Forany X,)Y,Z € U, K*°(X,Y)Z =K*°(Z,Y)X and K*°(X,Y)Z = K*°(X, 2)Y.

Moreover, the product given by (16) is left symmetric if and only if K*° vanishes
identically.

We can see easily that the second assertion in this proposition is equivalent to

Yo[X,Z]°—[YoX,Z]" - [X,YoZ|*=(ZeY)o X — (X eY)o Z, (17)
Ye[X,Z]°-[YeX,Z]°—[X,YeZ]°=(ZoY)e X —(XoY)e Z, (18)
forany XY, Z € U.
Now, let us state an important formula. Let e and o be two algebra structures on a
vector space U. A straightforward computation gives the following formula:

K™ (X,Y) =K*(X,Y) + K°(X,Y) + K*°(X,Y) — K*°(Y, X), (19)

where K? is the curvature of x.
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Definition 5.1. Two left symmetric algebras structures e and o on U are called com-
patible if they satisfy (17)—(18), or equivalently K*° satisfies the second assertion in
Proposition 5.2.

The following proposition is an immediate consequence of (19).

Proposition 5.3. Let o, o be two compatible left symmetric algebra structures on U. Then,
for any a,b € R, (U,a e +bo) is a left symmetric algebra.

Remark 3. Let o, o be two compatible left symmetric algebra structures on U. As a
consequence of Proposition 5.3, the bracket a[ , |* + b[, ]° is a Lie bracket and hence
the two dual Poisson structures on U* associated with [, ]* and [, ]° are compatible

(e.g., see [21] for a definition of compatible Poisson structures).

Finally, we obtain a characterization of hyper-para-Kéahler Lie algebras. In fact, our
method can be easily generalized to obtain a characterization of complex product struc-
tures. The characterization given in the following theorem completes the study of complex
product structures provided in [3].

Theorem 5.1.

1. Let o, o be two compatible left symmetric algebra structures on U. Then, (T(U), K,
J1) endowed with the Lie algebra structure associated with the product given by (16)
is a complex product Lie algebra. Moreover, all complexr product Lie algebras are
obtained in this manner.

2. Let o, o be two compatible left symmetric algebra structures on U and w € N*U*
such that (Uyw,e) and (U,w,o) are symplectic left symmetric algebras. Then,
(TWU),{, )1, K1, J1) endowed with the Lie algebra structure associated with the prod-
uct given by (16) is a hyper-para-Kdhler Lie algebra. Moreover, all hyper-para-Kdihler
Lie algebras are obtained in this manner.

Proof.

1. To show that (T'(U), K1, J1) is a complex product Lie algebra, it suffices to show that
the Nijenhuis torsion of K; and J; vanishes, which is easy to check. Conversely, let
(g, K, J) be a complex product Lie algebra. We have g = g'©g~!, where g° = ker(K —
ildg) and J defines an isomorphism ¢ : g — g~ !. We consider the product “.” on
g given by

(' +u™).(v +vT) =ulow +g(ul 0T H(vTH)) + o7 (wT x p(0h)) FuT x0T

1

where o and  are the products on g' and g—!, respectively, which are given by

ul ov! = —mJ[ut, Jot] and wlxoTt=—mJut JuTY,
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where 7; is the projection on gi. In [3], it was shown that o, x are left symmetric
and “.” is Lie-admissible. Put U = g', @ = ¢~1(x) and define ¢ : T(U) — g by
£(X,0) = X and £(0,X) = ¢(X). We then obtain the desired isomorphism.
2. This is a consequence of the method given above. O
Example 2. Let (U, .) be a left symmetric algebra. Then, “.” is compatible with itself so
(T(U), K1, J1) endowed with the Lie algebra bracket associated with the left symmetric
product

(X,Y).(2,T) = (X.Z+Y.Z,Y.T+ X.T)

is a complex product Lie algebra. Moreover, if U carries w such that (U, .,w) is a sym-
plectic left symmetric algebra, then (T(U),( , )1, K1,J1) is a hyper-para-Kéhler Lie
algebra.

The following proposition is immediate.

Proposition 5.4. Let o, o be two compatible left symmetric algebra structures on U and
(T(U), Ky, J1) is the associated complex product structure. Then, the following are equiv-
alent.

(i) Ky is abelian.
(#) Jy is abelian.
(#ii) Both e and o are commutative, and hence associative.

According to (17)-(18), two associative and commutative algebra structures e and o
on U are compatible if for any XY, Z € U,

(ZeY)oX —(XeY)oZ=(ZoY)eX —(XoY)eZ=0. (20)

In this case, (T'(U), K1, J1) endowed with the bracket associated with the product given
by (16) is an abelian complex product structure. A similar result is given in [3] with a
different product.

6. Quasi-S-matrices on symplectic Lie algebras

In Section 2, we showed that finding the set of quasi-S-matrices on a given left symmet-
ric algebra yields a large class of para-Kéhler Lie algebras. In this section, we investigate
the set of quasi-S-matrices with respect to the left symmetric product associated with a
symplectic Lie algebra.

Let (g,w) be a symplectic Lie algebra and b : g — g* is the isomorphism given
by b(X) = w(X,.). The product a given by (4) is left symmetric. We associate any
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endomorphism A : g — g with the tensor YB(A) € End(g ® g, g), which is given by
YB(A)(X,Y) = A[AX,Y] + A[X, AY] — [AX, AY]. (21)
The following proposition provides a useful characterization of quasi-S-matrices on (g, a).

Proposition 6.1. Let r € g ® g and a is its skew-symmetric part. Put A = r4 ob and
T = ay ob. Then, the following assertions hold.

(i) The tensor r is a quasi-S-matriz of (g,a) if and only if T and YB(A) are
ad-invariant.
(é0) If r is symmetric, then it is an S-matriz of (g,a) if and only if YB(A) = 0.
(iii) If v is symmetric and invertible, then it is an S-matriz of (g,a) if and only if A~
s a derivation of the Lie algebra g.

Proof. From (4), for any X € g, we find that
boadx =LY ob. (22)
Moreover, for any X,Y € g, we have

Am)(OX,bY) = rx(pX,bY]) — [rx(0X), 14 (V)]

= Aob T (LhydX) — Aob™! (L oY)

+2A40b7 1 (L(a)(bX,bY)) — [AX, AY]
2 YB(A)(X,Y) + 2400~ (L(a)(bX,bY)) .

From this relation and (22), we can see easily that (i) and (é) hold. Now, it is easy to
show that if A is invertible, then YB(A) = 0 if and only if A~! is a derivation of the Lie
algebra g and (é4) holds. O

Let g be a Lie algebra. The modified Yang-Baxter equation is the equation
YB(A)(X,Y)=t[X,Y], forall XY €g, (23)

where t € R is a fixed parameter and the unknown A is an endomorphism of g. When
t = 0, we obtain the operator form of the classical Yang—Baxter equation. The following
proposition is an immediate consequence of Proposition 6.1.

Proposition 6.2. Let (g,w) be a symplectic Lie algebra and A is a solution of the modified
Yang-Bazter equation, which is skew-symmetric with respect to w. Then, 1 = Aob™1 4s
a quasi-S-matriz of (g,a).



84 S. Benayadi, M. Boucetta / Journal of Algebra 436 (2015) 61-101

Theorem 6.1. Let (g,w) be a symplectic Lie algebra and A : g — g. Put A = A® + A%,
where A® and A% are the symmetric and the skew-symmetric parts of A (with respect
to w), respectively. If both YB(A) and A® are ad-invariant, then the product o on g given
by X oY = X [(A®* — A")Y] — (AX).Y is left symmetric and (T(g),(, )a,Ka) endowed
with the Lie bracket given by

[(X,Y), (Z, )" = (X, 2] + YB(A)(Y. T),[X,T] + [2,Y])
is a para-Kahler Lie algebra, where

(X,Y),(Z,T)a=w(T,X)+w(Y,2) + 2w(A"Y,T) and
K (X,Y) = (X —24Y,-Y),

and the dot is the left symmetric product associated with (g,w).

Proof. According to Proposition 6.1, r given by r(a, 8) = —w(4b~1(a),b~1(B)) is a
quasi-S-matrix with respect to the left symmetric product associated with w. By virtue
of Corollary 3.1 and Proposition 3.8, on g*, r defines a left symmetric Lie algebra
structure by (9) and (®(g),[ , |>"( , )r,K,) is a para-Kahler Lie algebra. Now,
we consider the linear isomorphism p : T(g) — ®(g), (X,Y) — (X,b(Y)). Thus,
(T(g),[, ", u*(, Yryu ' oK, opu)isa para-Kihler Lie algebra and [, ]* is a pull-back
by p of [, ]>". We can check easily that this bracket is the Lie bracket given in the
statement of the theorem, {, Y4 = p*(, ), and Ka = u~ ! o K, o p.

Let us compute the pull-back by b of the left symmetric product on g* given by (9).
We have

<, X oY= = —<b(X)b(Y),b~(a)-
= (L1 ()P(X),0(Y)) = r(b(X), adj-1 ()b (Y))
2 w(AD (@), X],Y) — w(AX, b (adl -1 (op(Y)))

= w(p ), X], A%Y) + w([X, b~ a)], A*Y) + w(Y, (@), AX])
= <a, X.[(4A° — AY)Y] - (AX).Y>. O

Remark 4. Actually, this theorem and Remark 2 (b) suggest the following more general
result. Let g be a Lie algebra and A is an endomorphism of g such that YB(A) is
ad-invariant. Then, we can check that the bracket [, ]4 on T(g) is a Lie bracket and
hence L4 : g x g x g — g given by

LAX,Y,Z) = [YB(A)(X,Y), Z]

is a Lie triple system.
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Example 3. Let .) be a left symmetric algebra with an invertible derivation D. On the

W,
vector space ®(U) := U @ U*, we know that we have a left symmetric structure defined
by:

(X+a)> (Y +8):=XY - LB, VX, YeUa,BcU"

Moreover, (®(U),>,Ty) is a symplectic left symmetric algebra. Now, it is easy to verify
that the endomorphism A of ®(U) defined by:

AX+a):=D(X)—-aoD,VX eU,a € U",

is an invertible derivation of (®(U),>), which is skew-symmetric with respect to I'g. In
the following, we construct left symmetric algebras with an invertible derivation. Let
n € N* and A is a vector space with a basis {e1,...,e,}. On A, we consider the product
defined by:

eiej = eje; i=eiqj ifi+7<n, ee; =eje; =0 ifi4 75 > n.

The vector space A endowed with this product is a commutative associative algebra. Let
(V, %) be a symmetric algebra, then (U := V ® A,.) is a left symmetric algebra, where
the product “” is defined by:

VTR e wWwRe i=vrkwRee;, Yo,we Vi, je{l,...,n}
Moreover, the endomorphism D of U defined by:
Dv®e):=iv®e;, YweVie{l,...,n},

is an invertible derivation of (U, .). Finally, by using the first construction, we obtain a
symplectic left symmetric algebra (®(U),>,Ty) with an invertible derivation A, which
is skew-symmetric with respect to I'y.

7. Quasi-S-matrices on a left symmetric algebra U with an invariant isomorphism
®:U —U"

In this section, we investigate the set of quasi-S-matrices on a left symmetric algebra U
with an invariant isomorphism © : U — U*. The most important classes are symplectic
left symmetric algebras and flat pseudo-Riemannian Lie algebras.

Let (U,.) be a left symmetric algebra and © : U — U* is an isomorphism that is
invariant, i.e., for any X € U,
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With any endomorphism A : U — U, we associate the tensors §(A), O(4) € End(U ®
U,U) given by

S(A)(X,Y) = X.A®Y) — V.AX) — A(X,Y]) and
O(A)(X,Y) = [AX, AY] — (A(AX.Y) — A(AY.X)). (25)

We can see easily that
O(A) = Na+ Ao d(A), (26)

where N4 is the Nijenhuis torsion of A. The following proposition gives a useful char-
acterization of quasi-S-matrices and S-matrices on (U,.). The second assertion of this
proposition was obtained by Bai (see Corollary 6.8 [5]).

Proposition 7.1. Letr € U ® U and a is its skew-symmetric part. Put A = r4 o © and
T = ay 0 0O. Then, the following assertions hold.

(i) The tensorr is a quasi-S-matriz of (U,.) if and only if T is Ly-invariant and O(A)
is L{; ® L}, ® ad-invariant.
() If r is symmetric, then it is an S-matriz of (U,.) if and only if O(A) = 0.
(¢ii) If v is symmetric and invertible, then it is an S-matriz of (U,.) if and only if
S(A71) =o0.

Proof. For any X,Y € U, we have

A()(OX,0) = 14(10X,0Y]) — [r4(0X),r4(0Y)]
'Y 4007 (LYyOX) — A0~ (LY, OY)
+24007! (L(0)(OX,0Y)) — [AX, AY]
L _[AX, AY] — A(AY.X) + A(AX.Y) + 240 071 (L(a) (6 X, OY))
= —0O(A)(X,Y)+24007(L(a)(0X,0Y)).

From this relation and (24), we can see easily that (¢) and (é) hold. Now, it is easy to
show that if A is invertible, then O(A) = 0 if and only if §(A~1) = 0 and (#i7) holds. O

According to the terminology used by Bai [5], if O(A) = 0, then A is called an
O-operator for the Lie algebra (U, [, |) with respect to the representation L.
There are two interesting cases, as follows.

(1) The isomorphism © is skew-symmetric. In this case, (U,.,w) is a symplectic left
symmetric algebra where w(X,Y) = <0(X), Y.
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(#) The isomorphism © is symmetric. In this case, (U,.,( , )) is a flat pseudo-Rie-
mannian Lie algebra where (X,Y) = <0(X),Y .

Proposition 7.2. Let (U,.) be a left symmetric algebra and © : U — U™ is an invariant
isomorphism, andr € URU. Put A = 1400 and denote by o the product on U pull-back
by © of the product on U* given by (9). Then, the following assertions hold.

1. If © is skew-symmetric, then for any X,Y € U,
XoY =[AX,Y]+ AY.X)+ Q(X,Y), (27)
where Q : U x U — U s defined by
<0, Q(X,Y)= = —w(6(A* — A*) (07 (a),Y), X), VaecU*,

and A® and A* are the symmetric and skew-symmetric parts of A with respect to the
2-form w associated with ©, respectively.
2. If © is symmetric, then for any X,Y € U,

XoY =Y AX + AXY - A(Y.X)+ P(X,Y), (28)
where P : U x U — U is defined by
<o, P(X,Y)>= = (§(A° — A) (07 (), Y), X)), VaecU*,

and A® and A% are the symmetric and the skew-symmetric parts of A with respect
to the 2-form (, ) associated with ©, respectively.

3. If © is skew-symmetric and r is a quasi-S-matriz, then (U,o,w) is a symplectic left
symmetric algebra if and only if §(A%) = 0.

Proof.
1. Suppose that © is skew-symmetric and define w by w(X,Y) = <O(X),Y . Thus,
for any o, 8 € U™,
r(a, f) = —w(A o B(a), ).

‘We have

<a, X oY = <a,07HO0(X).0(Y))~
= —<0(X).0(Y),0 o)~

2 Ll () O(X),B(Y)) — H(O(X) adhy 1) (V)
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(29)

1007 (a).X),0(Y)) + w(AX, 0! (adg,l a)@(Y)))
= w(Y, A7 (@).X)) ~ w(¥,[07 (a), AX])
= w((4° =AY, 07 (). X) —w(Y,[07(a), AX])
= —w(07H(a).(4° - AM)Y, X) — w(Y,[07(a), AX])
= —w(3((4° = A*)(07(a),Y), X) — w(Y.(A* = A*)(07}(a)), X)
w((A* =AY (07 (@), Y], X) —w(Y, [0 (a), AX])
~w(8((A° = A") (07} (a),Y), X) + w(07(a), A(Y.X))
w([07(a), Y], AX) — w(Y,[07 (a), AX])
W _w(5((A% — A7) (071 (a),Y), X) + <, A(Y.X)) + [AX, Y]
In (a), we employ the fact that w is a 2-cocycle with respect to the Lie bracket.

2. Suppose that © is symmetric and define ( , ) as (X,Y) = <0O(X), Y. Therefore,
for any o, 8 € U™,

(@, 8) = (406(a), B).
For any a € U* and X,Y € U, we have

<0, XoY> = <a,071(0(X).0(Y))-
= <0(X).0(Y),07 (a)~

Il
=]

(Lo-1()@(X), O(Y)) + 1(6(X), adg-1(,)O(Y))
—1(0(071(2).X), 0(Y)) + (AX, 0" (adh-1,)O(Y)))
= —(Y, A0 (a).X)) + (Y,[07(a), AX])
—((A°* = AMY,07 (). X) + (Y, [0} (), AX])
= (071(a).(A° = AMY, X) + (Y, [0 (a), AX])
A% =A%) (07 H(a),Y), X) + (Y.(A° — A7) (07 (o)), X)
(A° = A)([07(a), Y], X) + (¥, [0 (a), AX])
, X) = (07 (@), A(Y.X))

+<a,Y.AX + AX.Y >



S. Benayadi, M. Boucetta / Journal of Algebra 436 (2015) 61-101 89

3. Suppose that © is skew-symmetric and r is a quasi-S-matrix. For any X,Y, Z € U,
we have

w(XoKZ)—i—w(Y,XoZ):w([AX,YLZ) w(A(Y.X),Z) +w(Q(X,Y), 2)
w(Y, [AX, Z]) + (Y, A(Z.X)) + (Y, Q(X, 2))
:—w(X,(AS AYY, Z] - Y.(A* — A")Z
+2.(4° - AM)Y) - 0(2)(Q(X,Y)) + 6(Y)(Q(X, 2))
= —w(X,0((A° = AN)(Y, Z)) +w(6((A° = A))(Y, Z), X)
—w(o((A® =A%) (Z,Y), X)
= —3w(X,d(A® — AY))(Y, 2)).

To conclude, we remark that since r is a quasi-S-matrix, then its skew-symmetric
part is Ly-invariant and hence §(A®) =0. O

The proof of the following two theorems is similar to that of Theorem 6.1. The second
part of Theorem 7.1 is based on the third part of Proposition 7.2 and (26).

Theorem 7.1. Let (U,.,w) be a symplectic left symmetric algebra and A is an endomor-
phism of U. We denote A® and A® as the symmetric and the skew-symmetric parts of A
with respect to w, respectively. The following assertions hold.

1. If O(A) is Ly; ® Lj; ® ad-invariant and A® is Ly -invariant, then:
() the product on U given by (27) is left symmetric,
(it) (T(U),[, 14, Ka,Ja) is a complex product structure and (T(U),[, 14, (, )a,
K 4) is a para-Kihler Lie algebra.
2. If A® is Ly -invariant, §(A%) = 0 and N4 is Lj;@L§;®ad-invariant, then (T(U), [, 14,
(, )a,Ka,Ja) is a hyper-para-Kdihler Lie algebra.

In the above, [, ]4,{, Ya,Ka,Ja are given by

[(X,Y),(Z,T)" = ([X,Z] + O(A)T,Y),X.T - Z.Y),
JA(X,Y) = (=Y + AX — A%Y, X — AY),
(X, Y),(Z,T)a =w(T,X) +w(Y,Z) + 2w(A"Y,T), Ka(X,Y)= (X —24Y,-Y).

Theorem 7.2. Let (g, {, )) be a flat pseudo-Riemannian Lie algebra and A is an endomor-
phism of g. We denote A® and A® as the symmetric and the skew-symmetric parts of A
with respect to ( , ), respectively. If O(A) is Ly ®L;®ad-invariant and A is Lg-invariant,
then the product given by (28) on g is left symmetric. Moreover, (T(g),[, |*, Ka,Ja) is
a complex product structure and (T(g),[, 14, (, Ya,Ka) is a para-Kdihler Lie algebra,
where
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(X, Y),(Z,T)" =([X,Z] + OA)(T,Y),X.T - 2Y),
Ja(X,Y) = (=Y + AX — A?Y, X — AY),
(X, Y),(Z,T))a=(T,X)+ (Y, Z) + 2(A°Y,T), Kas(X,Y)= (X —24Y,-Y).

In this case, the dot is the Levi-Civita product and Ly is its associated representation.

Remark 5. As in Remark 4, we obtain the following more general result. Let (U,.) be a
left symmetric algebra and A is an endomorphism of U such that O(A) is Lj; ® Lj; ®
ad-invariant. Then, we can check that the bracket [, ]* on T(U) is a Lie bracket and
hence LA : g x g x g —» g given by

LAX,Y,Z) = O(A)(X,Y).Z
is a Lie triple system.
8. Four-dimensional hyper-para-Kihler Lie algebras

In this section, we determine all of the four-dimensional hyper-para-Kéhler Lie alge-
bras up to an isomorphism. First, we need to determine the two-dimensional symplectic
left symmetric algebras and the compatible couples of these algebras. Four-dimensional
hyper-para-Kéhler Lie algebras were classified in [1] using a vast computation (see
also [2]), but we employ a new method that reduces the calculations significantly.

Let (U, .,w) be a symplectic left symmetric algebra. We have

Ruw=RyoRy + [Lua R'UL (29)
L[u,v] = [LuaLv]a (30)
Ly + L2 =0, (31)

where L2 is the adjoint of L, with respect to w. Put

U.U = span {u.v,u,v € U},
D(U.U) = span {u.v —v.u,u,v € U},
S(U.U) = span {u.v + v.u,u,v € U}.

Clearly, we have
UU=DUU)+S(UU) and (UU)* ={uecUR,=0}. (32)
The sign L designates the orthogonal with respect to w.

Proposition 8.1. Let (U,.,w) be an abelian symplectic left symmetric algebra. Then,
UU C (UU)*.
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Proof. For any u € U, we have R, = L,, and thus from (29)—(30) for any u,v € U, we
obtain

Ruo=RyuoR,=R,0oR,.
Moreover, R2 = —R,, and thus R, , = 0, and the proposition follows from (32). O

Proposition 8.2. Let (U,.,w) be a two-dimensional non-trivial abelian symplectic left
symmetric algebra. Then, a basis {e1,ea} of U exists such that

w=ejANe;, Re; =L, =0 and es.ea =aer, a#0.

Proof. From Proposition 8.1, we find that U.U = (U.U)* = span{e;}. Select ey such
that w(er,ez) = 1 and the proposition follows. O

Proposition 8.3. Let (U, .,w) be a two-dimensional non-abelian symplectic left symmetric
algebra. Then, a basis {e1,ea} of U exists such that

w=c¢ej Ne5, e1.e; =0,e0.e0 =aey and ej.ep =—eg.; =aey, a#0.
Proof. By necessity, we have dim D(U.U) = 1. We distinguish two cases, as follows.

1. First case: dim U.U = 1. In this case, U.U = D(U.U) = span{e; }. If S(U.U) = {0},

then we can select ey such that w(ej,eq) = 1. Since ej.e1,es.ea € S(U.U), then
e1.6; = eg.eg = 0. Moreover, since U.U = (U.U)*, then R., = 0. Now, ej.es €
S(U.U) and then ej.e5 = 0. Thus, the product is trivial.
If S(U.U) # {0}, then UU = D({U.U) = S(U.U) = span{e; }. Select ez such that
w(er,ez) = 1. We have Re, = 0, ea.e2 = ae; and ej.ex = bey. The relation L., ,je2 =
[Le,, Le,|(€2) implies that b = 0 and hence [e1,e2] = 0, which is impossible. In
conclusion, this case is impossible.

2. Second case: dimU.U = 2. In this case, U.U = D(U.U) ® S(U.U). Select a basis
{e1,ea} of U such that e; € D(U.U), ex € S(U.U), and w(eq,e2) = 1. Since ey €
D(U.U)* and ey € S(U.U)*, then we obtain

w(ey.ea + ea.e1,e3) =0,
w(er.ea + es.e1,e1) = 2w(ey.ea,e1),

= —2w(eq,e1.€1) = 0.

Thus, ej.ea = —eg.e1 and hence [e1,ea] = 2ej.e3. So e1.ea = —eq.eq7 = aey. In
addition, ej.eq,eq.e9 € S(U.U) so ej.e; = bey and ez.ea = ces. Now, the relation
L2, = —Lc, implies that ¢ = a and the relation L, ¢,] = [Le,, Le,] implies that
b = 0, and thus the proposition follows. 0O
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Remark 6. From Propositions 8.2 and 8.3, we can deduce that if (U,.,w) is an abelian
symplectic left symmetric algebra, so D(U.U) = 0 and thus U.U = S(U.U) is an
w-isotropic one dimensional vector space. However, if (U,.,w) is a non-abelian sym-
plectic left symmetric algebra, then U = U.U = D(U.U) @ S(U.U), where D(U.U) and
S(U.U) are one-dimensional w-isotropic vector spaces. This remark plays a crucial role
in the proof of Theorem 8.1.

Recall that two symplectic left symmetric structures (U, x,w) and (U, o,w) are called
compatible if K*° satisfies the second assertion of Proposition 5.2. It is obvious that if
(U, x,w) is a symplectic left symmetric algebra, then it is compatible with (U, ax,w) for
any a € K. We refer to this case as trivially compatible.

Theorem 8.1. Let (U, x,w) and (U, o,w) be two symplectic left symmetric structures over a
two-dimensional vector space U. Then, (U, *,w) and (U, o,w) are non-trivially compatible
if and only if one of the following holds.

1. A basis {e1,e2} exists such that

0 a —a —b o o 0 b
= (02), wm (3 P)omno mem(39),

w=-¢ej Nes witha#0 and b # 0.
2. A basis {e1, e} exists such that

L= 0 a L= —a b Lo = 0 ¢ Lo = —c —b.
! 00 2 0 a ! 00 2 0 ¢
w=-ejAes, witha#0,b+#0 and c# 0.

Proof. The proof is based on an adequate use of the fact that the sum of two compatible
symplectic left symmetric structures is left symmetric (see Proposition 5.3) and the use
of Propositions 8.2-8.3 and Remark 6.

First, we can check that if x and o have one of the forms above, then they are sym-
plectic and compatible. Suppose that (U, x,w) and (U, o,w) are non-trivially compatible.
We distinguish three cases, as follows.

1. Both x and o are abelian. Then, x + o defines an abelian symplectic left symmetric
algebra structure on U, and thus by virtue of Proposition 8.2, a # 0 and a basis
{e1,ea} of U exists such that w = e} A €5

e1xe1t+ejoe; =erxegt+ejoey =0, eaxeg +e90ey = aey. (%)

Moreover, (UxU)* =U U and (UoU)t =UoU.
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Suppose that e; o e; # 0. Then, from (x), as given above, we obtain U x U =
UoU = span{e1}, and by (32) L}, = L2, = 0, which contradicts e; o e; # 0. Thus,
e10e; = e1 xe1; = 0. The same argument shows that e; o es = e; xe5 = 0 and hence
L:, = Lg, = 0, which by virtue of (32) implies that UxU = UoU = span{e; }. Thus,
b # 0 and ¢ # 0 exists such that e; x e = be; and e 0 e5 = cey. Finally, o = g* and
this case is not possible.

. The product % is not abelian and o is abelian. Then, x+ o defines a non-abelian sym-
plectic left symmetric algebra structure on U, and hence by virtue of Proposition 8.3,

a # 0 and a basis {e1, ez} of U exists such that w = e} A e} and

e1xe; +ejoe; =0, eaxeg + €306y = aes,

e1*xey+e10ey = —€yx€] —e€30€e] = aeq. (k)

Moreover, U = D(UxU) @& S(UxU) and UoU = S(UoU) = (U o U)*. By adding
the two last relations in (x*), we obtain

e1 x ey + eg kel = 2eq 0 es.

So ejoeg € S(UrU). If egoes # 0, it spans UoU and hence from the second relation
in (x%), we deduce that e; € S(U = U) and thus U o U = span{es}. Therefore, by
(32), L¢, = 0, which contradicts e; o ez # 0. Thus, e o ez = 0.

Now, suppose that e; o e; # 0. From the second relation in (xx), we deduce that
U oU = span{ez} and thus L, = 0. We deduce that

e1xep = —ejoey = bey, €1 xeg = —eg x €1 = ae;.

From the relation L, ,e1 = [L,, L, ]e1, we deduce that b = 0 and o = 0, and thus
we must have e; oe; = 0.

Therefore, we have shown that Le, =0 and thus Uo U = span{e; }, es 0 es = bej.
We deduce that

€1 *xeq :0, 62*62:a62—b€1, €1 Xk €y = —€g x €1 = aey.

Therefore, we find that x and o satisfy the first form in the theorem.

. Both x and o are non-abelian. According to Proposition 5.3, x40 and x— o define two
symplectic left symmetric algebra structures on U, one of which must be non-abelian.
Thus, we can suppose that * + o is non-abelian by replacing o by —o if this is
necessary. By virtue of Proposition 8.3, a # 0 and a basis {e, ea} of U exists such
that w = e} A e5, and

epxer+ejoe; =0, eaxex+eg0ey = aes,

e1 %€y + €106y = —eg k€] —€30€] = ae;. (%)
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Moreover, U = D{UxU)® S(UxU)=DUoU)® S(UoU). Put
V==e€1 % ey +egkxe; =—€e10ey —€308€].

If v # 0, then it spans S(U xU) and S(U o U); thus, from (x:*x) above, we obtain
S(U*U)=S(UoU) =span{es}. Therefore,

N 0 ¢ N —c 0 o 0 a-c o c—a 0
Lel‘(b 0>’L€2_<d c)’Lel_<b 0 )’L”_(d ac>'

The relations

by =[L;,,L;,] and L‘[’ehe?]:[Lo Le,] (%)

[61762] €1’ ey’

are equivalent to d? = 4bc = 4b(c — a), which is equivalent to d = b = 0. This implies

that o = “—“x. This case is impossible and hence v = 0.

If w=e3xe; = —ejoey # 0, then it spans S(UU) and S(U o U); thus, from (sxxx),
we obtain S(U xU) = S(U o U) = span{es }. Therefore,

L;:OC,LQZ_CO,LZZOa_C,LZ:C_a 0 .
B b 0 2 0 ¢ B —b 0 2 0 a—c

In this case, (+++#) implies that b = 0 and hence o = —“x. This case is impossible
and hence w = 0. In summary, we have shown that

61*€2+€2*61:—61062—62061261*61:—61061:0.

So

N 0 ¢ N —c d o 0 a—c o c—a —d
L;, = , LE, = , Le, = , Le, = B .
0 0 0 ¢ 0 0 0 a—c

Thus, * and o satisfy the second form in the theorem.
Finally, a direct computation shows that for x and o, as in the first form in the
theorem, we have

K*°(e1,e1) = K*°(e1,e3) = K*°(eg,e1) =0 and K*°(eg,e5) = —2 (8 ‘;b> 7

and for the second form,

b+ b
K*°(e1,e1)=K*°(e1,e0) = K*°(e2,e1) =0 and K*’O(eg,eg)=2<8 @ ;r c).
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In both cases, K*° satisfies the second assertion of Proposition 5.2 and the theorem
is proved. O

Based on the above, we now give all the four-dimensional hyper-para-Kéahler Lie al-
gebras.

Theorem 8.2. Any (g,Q, K, J) four-dimensional hyper-para-Kihler Lie algebra is isomor-
phic to (R, [, ],Q0, Ko, Jo), where in the canonical basis (e1, ez, f1, f2), we have

Qo= fyNnel +esAf], Koei=ei, Kofi =—Ffi, Joei = fi, Jofi = —ei,

and the non-vanishing Lie brackets have one of the following expressions:

(i) le2, fo] = al(fi —e1), a #0.
(i) [e1, e2] = 2aeq, [e1, fo] = aler + f1), [e2, fi] = —alex + f1), [e2, fo] = a(f2 —e2) and
[f1, fo] = 2af1, a # 0.
(#ii) [e1,e2] = 2aeq, [e1, fa] = afi and [ea, f2] = —b(ex + f1), a #0, b # 0.
[

ces +afs and [f1, f2] = 2¢f1, a#0,b#0, c#£0.
9. Symplectic associative algebras

In this section, we consider an important subclass of the class of symplectic left sym-
metric algebras. In order to introduce this subclass, we begin by providing a geometric
interpretation of symplectic left symmetric algebras.

Let (U, .,w) be a symplectic left symmetric algebra. The product is Lie-admissible and
the bracket [u,v] = u.v —v.u is a Lie bracket on U. Moreover, since

w(u.v,w) + w(v,u.w) =0
for any u,v,w € U, a direct computation yields
w([ua v],w) + w([vvw}au) + w([wvu]’v) =0,

and thus (U,[, ],w) is a symplectic Lie algebra. Let G be the simply connected Lie
group associated with (U, [, ]). For any u € U, we denote u’ as the left invariant vector
field on G associated with uw. The formulae

Wi, v") = w(u,v) and Vol = (uo)

define a left invariant symplectic form on G, and a flat and torsion-free left invariant
connection. Moreover, V is symplectic, i.e., Vw? = 0. The connection V is right invariant
iff for any u,v,w € U,

[ue, szwe] = V[ue’ve]wl + Ve [ue, wl].
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A straightforward computation shows that this relation is equivalent to the associativity
of the left symmetric product on U.

A symplectic associative algebra is a symplectic left symmetric algebra that is as-
sociative. We have seen that there is a correspondence between the set of symplectic
associative algebras and symplectic Lie groups endowed with a bi-invariant affine struc-
ture, for which the symplectic form is parallel.

In the following, we give accurate descriptions of symplectic associative algebras (see
Theorems 9.1-9.2).

Let (U,.,w) be an associative symplectic algebra. Then, for any u,v € U,

Ly = Ly o Ly,
Since L& = —L,, then for any v € U, we obtain
Lyy =Ly oLy = =Ly o Ly = —Ly,. (33)

Proposition 9.1. Let (U,.,w) be an associative symplectic algebra. Then, U* = 0 and
J =U?+ (U%)* is a co-isotropic two-sided ideal of U that satisfies J? = 0.

Proof. It is obvious that J is a co-isotropic two-sided ideal. For any u,v,w € U,

Luvw = LyoLy oLy

(23) LyoLl,oLy,

= Lw o Luv

(3:3) _Luv o Lw

= _Luvun

and thus Ly, = 0 and U? = 0. Recall that
(UH*t ={uecUR, =0}.

So U2.(UH)L = (U?)*.(U?)* = 0. In addition, for any u € (U?)* and any v,w € U,

u.V.W ) —v.auw =0,
so (U%)+.U? = 0. In conclusion, 72 =0. O

According to this proposition, to study associative symplectic algebras, we need to
distinguish two cases that depend on the triviality of U?®.
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Model of associative symplectic algebras with U3 =0 Let V be a vector space and (I, 5)
is a symplectic vector space. Let m: V* — VoV andn: 1 — V ©V be two linear
maps (V ®V is the space of bilinear symmetric forms on V*).

The space Uy =V & I & V* carries a symplectic form w, for which I and V & V* are
orthogonal, wi;x; = s, and for any u € V, a € V*, w(a,u) = —w(u, @) = a(u). Define a
product on U such that V*.V* I.V* C V by

<y, @8- =m(a)(8,7) and <B,iar = n(i)a,B), (34)

for any «, 8,y € V*, and i € I (all the others products vanish).

It is easy to see that (Uy, ., w) is an associative symplectic algebra and U = 0. We refer
to this algebra as an associative symplectic algebra of type one. In fact, all associative
symplectic algebras with U? = 0 are of this form.

Theorem 9.1. Any associative symplectic algebra with U? = 0 is isomorphic to an asso-
ciative symplectic algebra of type one.

Proof. The condition that U3 = 0 is equivalent to U? C (U?)+. Put V = U? and select
I a complement of V in (U?)*. The restriction on w to I defines a symplectic form,
such as s. The orthogonal I+ of I is a symplectic space that contains V as a Lagrangian
subspace, so we can choose a Lagrangian complement W of V in It. The linear map
W — V* u — w(u,.) is an isomorphism, so we can identify (U,w) as V &1 @ V*
endowed with the symplectic form described above. Since V.U = U.V = 0 and for any
u € I, R, = 0 and thus we find that the product on U is given by (34), which completes
the proof. O

Model of associative symplectic algebras with U> #0 Let V=Vo@Viand I =& I,
be two vector spaces such that (Ip,s,), (I1,5,) are symplectic vector spaces. Put V* =
VY @ V where V{ and V;? are the annihilators of Vo and Vi, respectively.

Leta: Vi — Voo Vp,b:Ig — Voo Vg, c: 1 —VoeoVando: VF — VoV
be linear maps (Vo ® Vg (resp. Vi ® V3) in the space of bilinear symmetric forms on V7
(resp. V). Finally, let F': V* x V) — I be a bilinear map.

The space U =V & I @ V* carries a symplectic form w, for which I and V @ V* are
orthogonal, wirx; = §o © 51, and for any u € V, a € V*, w(a,u) = —w(u, a) = a(u).

Now, we define a product on Us that satisfies

ViV LWV Ve Iy C Vo, LV CV,VVY cV, V* VP CcVal,
and it is given by

<B1,v1.a1= = a(v1) (a1, B1), v1 € Vi,aq, B € VP,

<B1,ip.c1= = b(ig) (e, B1), Qo € Io,on, 1 € V7,
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<B1, cuig= = so(io, Fa, B1)), io € I, € V*, By € V2,
<B,i1.a= =c(i1)(a, B), i1 € [1,a, f € V7,
a.fo = E(a, By), a € V*, B € VY,
a.fy = E(a,B1) + F(o, 1), a € V*, 31 € VL.
=<7, E(a, B)= = 2(a)(8,7).

With this product Us, becomes an algebra for which the left multiplication is symplectic.
Now, this product is associative iff for any o € V*, 81,71, 11 € V2, Bo € VY,

a(En(a, B1)) (1, 1) + 0(F (e, 1)) (01, 1) = s0(F (Br,m), Fle, ), (35)
a(Er1(a; Bo)) (1, 1) = 50 (F(Bo, 1), F(a, pa))- (36)

In this case, U3 = 0 iff
50(F(,81,’}/1),F(067/J/1)) :50(F(50a71)7F(04aM1)) =0.

When (35) and (36) hold, and U3 # 0, we refer to (Us, .,w) as an associative symplectic
algebra of type two.

Theorem 9.2. Any associative symplectic algebra with U3 # 0 is isomorphic to an asso-
ctative algebra of type two.

Proof. Since U* = 0 and U? C U?, then
U cU?c (Ut and U3 c (U c (UL

Put Vy = U? and select a complement V; of Vy in V = U? N (U?)*. Select Iy and I, as
two subspaces of U such that

U?=Val, and (UH)*=Val.

We find that Ip N I; = {0}, w(lo,I1) = 0, Iy, I; are symplectic and I = Iy ® I; is also
symplectic. Denote sy and s; as the restrictions on w to Iy and Iy, respectively. Now, I+
is symplectic and it contains V' as a Lagrangian subspace, so we can select a Lagrangian
subspace W of the I+ complement of V. The linear map W — V* u + w(u, .) realizes
an isomorphism. Finally, we identify

U=Ve(lLeL)aV"
with the symplectic form given by

wV,V)=w(V,I) =w(V", V") =w(V", 1) =0 and Wirx1 = w1 D wa,
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and for any u € V, a € V*, w(a,u) = —w(u,a) = a(u). Denote V) and V as the
annihilators of Vy and Vi, respectively.

Next, we consider the product’s properties. In Proposition 9.1, we showed that J =
V @ (Ip @ I) satisfies J2 = 0. Obviously, for any u € Vy, L, = R,, = 0, and from (32),
for any u € V @ I, we have R, = 0. Since U2.V* C V; and because the symplectic form
is invariant, we obtain U2V = 0. Since V*.U? C V;, then from the invariance of the
symplectic form, we find that V*.V C V. Thus, we can put

<B1,v1.a1= = a(vi) (a1, B1), v1 € Vi,aq, B € VY,
=<B1,i0.00= = b(ig)(ay, B1), i0 € Ip, a1, f1 € VY,
<Py, aig= = so(io, F(, 1)), io € lo,a € V*, By € VY,
<B,i1.a= =c(i1)(a, B), i1 € [1,a, € VT,
.o = E(a, fo), . € V*, By € Vg,
a.fr = E(a, B1) + Fla, 1), a € V¥, B € V.
The invariance of the symplectic form implies that a(vy), b, c(i1), and ?(«) are sym-
metric, where ?(a)(8,v) = v(E(a, 8)). The associativity of this product is equivalent

to a.(8.y) = (a.f).y for any a, 3,7 € V*. Obviously, this is true when v € V, so the
associativity is equivalent to

1 (a.(Boy1)) = w1 ((@.Bo)y1) and  <p1,a.(B1.71)= = <p1, (@.By).y1 -

for any a € V*, aq, B1, 11 € V¥ and By € V', which is equivalent to

50(F(50771)aF(047M1))
EO(F(ﬁla/}/l)aF(aap’l))

a(E1(a, Bo)) (71, 1),
a(E1 (o, B1)) (1, 1) + b(F(e, B1)) (71, p11)-

This completes the proof. 0O
Corollary 9.1. Let (U, .,w) be an associative symplectic algebra. Then,

(0) If dimU = 2, then (U, .,w) is isomorphic to an associative symplectic algebra of type
one of the form V & V* with dimV = 1.

(it) If dimU =4, then (U, .,w) is isomorphic to an associative symplectic algebra of type
one, either of the form V & V* with dimV =2 or V& I & V* with dimV = 1.

A six-dimensional associative algebra U? # 0 is isomorphic to V @ Iy @ V* with
dimV =2 and V =V, @ V;. Select a basis (eg,e1) of V such that e; € V; and a basis
(f1, f2) of Iy such that s1(f1, f2) = 1. Egs. (35) and (36) are equivalent to
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(En (g €7)) (€7, e1) + b(F (e, e1))(el, e7) = s(F(e7, €1), F(eg, €1)),
a(E1(egs €5))(e1ser) = s(F(eg €1), Feg, €1)),
(Er(eiser))(er,er) + b(F(ei,e1))(er,er) = s(F(eq, e1), Fel,e1)),
a(El(eylﬁveS))(evaeT) :5<F(6876T)7F(6T76T))‘
Put
F(eg,el) =afi +bfa and F(e],e]) = cfi + dfa.
Thus,

a(E1(eg, e1))(e1, e1) + ab(f1)(e], e1) + bb(f2)(e], €1) = cb — ad,
a(E1(ep, ep))(e1, €1) =

a(Er(el, e1))(el, e1) + cb(fi)(el, e1) + db(f2)(eT, e1) =
a(E1(el, ep))(el, el) = ad — cb,

which is equivalent to

ab(f1)(e1, 1) +0b(f2)(e1, e1) = —a(Eu(e1, ep))(e1, e1) — a(En(eg, €1))(en, €1),
cb(fi)(e1, er) + db(f2)(e1, e1) = —a(Ea(e, e1))(e1, e1),
a(E1(ep, ep)) (€1, e1) = 0,
a(Ey(el,e5))(el,er) = ad — cb.

Put a(e1)(ef, e7) = a # 0, Ei(eg, e5) =0 and 6 = ad — cb # 0, Er(e], €}) = aijer. Thus,

b(f1)(e},e}) = —ad ' (aar1 — c(aip +ap1)) and
b(f2)(e7,el) = aé_l(bau —d(a10 + ao1)).
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