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1. Introduction and main result

In [1,2] Hawkins showed that if a deformation of the graded algebra £2*(M) of differential forms on a Riemannian
manifold M comes from a spectral triple describing M, then the Poisson tensor 7z (which characterizes the deformation)
and the Riemannian metric satisfy the following conditions:

(Hy1) the associated metric contravariant connection D is flat;
(H,) the metacurvature of O vanishes;
(Hs) = is compatible with the Riemannian volume p, i.e., d(i, i) = O.

The metric contravariant connection associated naturally to any pair of a (pseudo-)Riemannian metric and a Poisson tensor is
the contravariant analogue of the classical Levi-Civita connection; it has appeared first in [3]. The metacurvature, introduced
in [2], is a (2, 3)-type tensor field (symmetric in the contravariant indices and antisymmetric in the covariant indices)
associated naturally to any flat, torsion-free contravariant connection.

The main result of Hawkins [2, Theorem 6.6 and also Lemma 6.5] states that if (M, , g) is a triple satisfying (H;)-(H3)
with M compact, then around any regular point X, € M the Poisson tensor can be written as

=Y dXAX; (1)
ij
where the matrix (a) is constant and invertible and {X, ..., X;} is a family of linearly independent commuting Killing
vector fields.
On the other hand, the second author showed in [4] thatif ¢ : g — X!(M) is an action of a finite-dimensional real Lie
algebra g on a smooth manifold M and r € A? g is a solution of the classical Yang-Baxter equation, then:
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(a) Themap D" : 2'(M) x 21(M) — £2'(M) given by

DyB =Y " a(¢(u))LeqyB, )

ij=1

where {uy, ..., u,} is any basis of g and a are the components of r in this basis, depends only on r and ¢ and defines a
flat, torsion-free contravariant connection with respect to the Poisson tensor 7" := ¢ (r).

(b) If M is Riemannian and ¢ preserves the metric, D" is nothing else but the metric contravariant connection associated to
the metric and 7r".

(c) If g acts freely on M, the metacurvature of D" vanishes.

In this setting, (1) can be re-expressed by saying that there exists a free action ¢ : g — %!(U) of a finite-dimensional abelian
Lie algebra g on an open neighborhood U € M of xy which preserves g, and a solution r € A2 g of the classical Yang-Baxter
equation such that w = 7". Moreover, since ¢ preserves g, then D = D" by (b). It follows that O is a Poisson connection,
i.e.,, Dt = 0 and hence an F'8-connection (see [5]).

Given a flat, torsion-free #™&-connection £ on a Poisson manifold (M, ), we shall see that there exists a (2, 2)-type
tensor field T on the dense open set of regular points such that

(i) DT = M where M is the metacurvature of D;
(ii) T vanishes if and only if the exterior differential of any parallel 1-form is also parallel.

By looking at the proof of the second author’s result closely, one observes that in proving (c) the second author showed
that O is an F™8-connection and that whenever a 1-form is D"-parallel then so is its exterior differential, meaning that T
vanishes. Accordingly, (c) can be rephrased as follows:

() If g acts freely on M, D" is an F"&-connection and T vanishes (and hence so does M).

Note that in the case studied by Hawkins T vanishes since as we saw above the action ¢ is free. So it is natural to consider the
following problem, inverse of the second author’s result: Given a smooth manifold M endowed with a Poisson tensor 7 and a
Riemannian metric g such that the associated metric contravariant connection is a flat ¥ "&-connection and such that T = 0, is
there a free action of a finite-dimensional Lie algebra g preserving g and a solution r € A? g of the classical Yang-Baxter equation
suchthat m = x" and D = D'?

The main result of this paper answers in the affirmative to that question in a more general setting. More precisely,

Theorem 1.1. Let (M, 7, D) be a Poisson manifold endowed with a flat, torsion-free contravariant connection.

(1) If D is an F8-connection and T = 0, then for any regular point xo with rank 2r, there exists a free action ¢ : g — X(U) of a
2r-dimensional real Lie algebra g on a neighborhood U of xo, and an invertible solutionr € A? g of the classical Yang-Baxter
equation, such that 1 = " and D = D'.

(2) Moreover, if D is the metric contravariant connection associated to w and a Riemannian metric g, then the action can be
chosen in such a way that its fundamental vector fields are Killing.

The paper is organized as follows. In Section 2, we recall some standard facts about contravariant connections and the
metacurvature tensor; we also define the tensor T. Section 3 is devoted to the computation of the metacurvature tensor (and
the tensor T as well) in the case of an #™&-connection. In Section 4, we give a proof of Theorem 1.1.

Notation 1.2. For a smooth manifold M, ¢*° (M) will denote the space of smooth functions on M, I" (V) will denote the
space of smooth sections of a vector bundle V over M, 27 (M) := I' (AP T*M) will denote the space of differential p-forms,
and XP(M) := ' (AP TM) will denote the space of p-vector fields.

For a Poisson tensor  on M, we will denote by r; : T*M — TM the anchor map defined by 8 (m;(«)) = 7 («, B), and
by Hy the Hamiltonian vector field of a function f, that is, Hy := m;(df). We will also denote by [, ], the Koszul-Schouten
bracket on differential forms (see, e.g., [6]); this is given on 1-forms by

[(X, ﬁ]ﬂ = °Cnu(a)ﬁ - c[jj-rn(ﬁ)ol — d(ﬂ(aa ﬂ))

The symplectic foliation of (M, ) will be denoted by 4, and T4 = Im 7, will be its associated tangent distribution. Finally,
we will denote by M™# the dense open set where the rank of 7 is locally constant.

2. Preliminaries
2.1. Contravariant connections
Contravariant connections on Poisson manifolds were defined by Vaismann [7] and studied in detail by Fernandes [8].

These connections play an important role in Poisson geometry (see for instance [8,9]) and have recently turned out to be
useful in other branches of mathematics (e.g., [1,2]).
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The definition of a contravariant connection mimics the usual definition of a covariant connection, except that cotangent
vectors have taken the place of tangent vectors. More precisely, a contravariant connection on a Poisson manifold (M, ) is
an R-bilinear map

D:2'M) x 21M) - 2'M), (o, B) — DB

such that for any f € C*°(M),
Diafp =f Duf and Do(fP) =f Daf + ws(a)(f)B.

A contravariant connection D is called an ¥ -connection [8] if it satisfies
MVaeT*M, ny(a) =0) = D, =0.

We call D an F"&-connection if the restriction of £ to M™# is an # -connection.
The torsion and the curvature of a contravariant connection O are formally identical to the usual ones:

T(a, B) = Do — Dpa — [, Blx,
R(a, B)y = Dy Dy — DpDey — D1, V-
These are (2, 1) and (3, 1)-type tensor fields, respectively. When T = 0 (resp. R = 0), D is called torsion-free (resp. flat).

In local coordinates (x!, . .., x%), the local components of the torsion and curvature tensor fields are given by
- ) L 9l
Tlij = Fku - Flf T oaxk’ (3)
d Jk ik ij
N S . - oT . oT, oy
lek — 1—~1m1-jk _ Flm[vlk + im L _jm L ka, 4
I n; [ e A e ok ! (4)

where I}/ are the Christoffel symbols defined by Dyidx’' = Y0 I} dx* and 7 are the components of 7.
Given a (pseudo-)Riemannian metric g on a Poisson manifold (M, i), one has a contravariant version of the Levi-Civita
connection: there exists a unique torsion-free contravariant connection £ on M which is metric-compatible, i.e.,

N#(d)'(ﬂ, y):<°(Daﬁv J/)‘l‘(ﬂsi)al/) Va!IB!y egl(M)v

where (, ) denotes the metric pairing induced by g. This connection is determined by the formula

1
(DaBry) = 5{771:(05) B, y) +m(B) - (o, y) — m(y) - (e, B) + ([, Bla, v) — (1B, ¥1x, @) + [y, @lxs BY], (5)

and is called the metric contravariant connection (or contravariant Levi-Civita connection) associated to (7, g).

2.2. The metacurvature

In this subsection we recall briefly from [2] the definition of the metacurvature tensor and give some related formulas.
Let (M, 7r) be a Poisson manifold. Given a torsion-free contravariant connection £ on M, there exists a unique bracket
{, } on the space £2* (M) of differential forms, with the following properties:

1. {, } is bilinear, degree 0 and antisymmetric
{0, 1} = —(=1)*E*EO 7 5} (6)

2. {, } satisfies the product rule

{o. T APy = (o, T} A p+ (=D*ECEDT A fo, p). (7)
3. The exterior differential d is a derivation with respect to {, }, i.e.,

d{o, 1} = {do, 1} + (—=1)%E (g dr}. (8)
4. Foranyf,g € C*°(M) and any o € C* (M),

{f.g} =n(df,dg) and {f,o}= Dyo. 9)

This bracket is given (on decomposable forms) by
{al/\‘../\ak’ﬁl/\..‘/\'gl}

=(—1)k+]Z(—l)i+j{ai,ﬁj}Aa1/\~--/\67,-/\--~/\ak/\ﬂ1/\---/\,/gj/\~--/\,31, (10)
ij
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where the hat™ denotes the absence of the corresponding factor, and the brackets {«;, f;} are given by the formula’
{a, B} = —D,dB — Dgda + dDgar + [, df]. (11)
We call the bracket {, } Hawkins bracket.
Hawkins showed that {, } satisfies the graded Jacobi identity,
{o.{z. o} = {{o. T}, p} = (= D*ECE T (o, p}) = 0, (12)

if and only if O is flat and a certain 5-index tensor, called the metacurvature of D, vanishes identically. In fact, Hawkins
showed that if D is flat, then it determines a (2, 3)-type tensor field .M symmetric in the contravariant indices and
antisymmetric in the covariant indices, given by

M(df,(){,ﬂ):{f, {avﬂ}}_{{fsa}sﬂ}_{av {.fvﬂ}} (]3)

The tensor M is the metacurvature of D.
The following formulas, due to Hawkins, will be useful later. Let « be a parallel 1-form; since D is torsion-free, [«, 1], =
Dy n for any n € £2*(M), and so, by (11), the Hawkins bracket of « and any 1-form g is given by

{ar, B} = —Dpdar. (14)
Using this, one can deduce easily from (13) that for any parallel 1-forms «, 8 and any 1-form y,

My, B, a) = —D, Dgda. (15)

2.3. The tensor T

We now define the tensor T, an essential ingredient in our main result.
Let (M, 7r) be a Poisson manifold endowed with a flat, torsion-free, contravariant £ ™#-connection D. For each x € M"™#
and any a, b € T} M, define

2
Ti(a, b) = {a, B}(X) (e /\T:M), (16)

where {, } denotes the Hawkins bracket associated to £, and « and 8 are parallel 1-forms defined in a neighborhood of x
such that ¢(x) = a and B(x) = b. (Such 1-forms exist, see Proposition 3.4.) This is independent of the choice of @ and 8
since by (14) and (6) we have

T(a, b) = —(Dadp) (x) = —(Dpda) (x). (17)

The assignment x — Ty is then a smooth (2, 2)-type tensor field on M'¥, symmetric in the contravariant indices and
antisymmetric in the covariant indices, which by (15) verifies DT = M, and which clearly vanishes if and only if the exterior
differential of any parallel 1-form is also parallel.

3. Computation of the tensors M and T

The metacurvature tensor is rather difficult to compute in general. In the symplectic case, Hawkins has established a
simple formula for the metacurvature [2, Theorem 2.4]. Bahayou and the second author have also established in [10] a
formula for the metacurvature in the case of a Lie-Poisson group endowed with a left-invariant Riemannian metric. In
this section we explain how to compute the metacurvature (and the tensor T as well) in the case of an #"™#-connection,
generalizing thus Hawkins’s formula.

Throughout this section, £ will be a torsion-free contravariant connection on a d-dimensional Poisson manifold (M, 7).

We begin with the following simple lemma.

Lemma 3.1. Let U € M be an open set on which the rank of m is constant. Assume that D is an ¥ -connection on U. Then, for
any a, B € 21(U), 3 (B) = 0 implies wy (D, B) = 0, and in this case, Do p = Loy (@) B-

In other words, the kernel of the anchor map restricted to U is stable under £. The next lemma shows that, around any
regular point, there exists a complementary subbundle of Ker r; which is also stable under D, provided that D is flat.

1 This formula appeared first in [10].



68 Z. Saassai, M. Boucetta / Journal of Geometry and Physics 82 (2014) 64-74
Lemma 3.2. If D is flat and is an F™8-connection, then for any x € M and any #, C T,;M such that T;M = (Ker ) ® Ho,
the cotangent bundle splits smoothly around x into:
T*M = (Kermy) @ #
with J stable under D, ie. DH C H, and Hy = H,.

Proof. Let (U;x',y*)(i=1,...,2r; u=1,...,d — 2r) be alocal chart around x such that

1& 0 @
- _ by A —
d ZZH oxi - ox

ij=1

and the matrix (nif)@,jszr is constant and invertible; let (7T;)1<; j<2r denote the inverse matrix. The restriction of Ker i to
U is a (rank d — 2r) subbundle of T|TJM , S0 we can choose a (arbitrary) smooth decomposition

TI’L‘]M = (Kerm;) @ H.
Then clearly Ker 7, = span{dy"}, and
) ) d—2r )
J = span {9' =dx' + Z B, dy”}
u=1

for some functions BL € C*°(U). Since O is a torsion-free # -connection on U, one has Dyu = Ddy" = 0 for all u. Thus, for
any i, j,
) ) d—2r ) )
Dyt = Dyad¥’ + Y 7,(dx')(B)) dy"

u=1

2r d—2r d—2r 2r
rlax+ S riayt) + "‘
(z Yo+ 3ty ;; Ly
UBk>> dyu,

where 1“,:7, u’j are the Christoffel symbols of £. Therefore, the desired decomposition exists if and only if we may find a
family of local functions {BL}i,u satisfying the following system of PDEs

"+Z< —F”B") =0 Vij, Yu,

or equivalently

.
o =Z<an,Fk>B —Zn,,]” Vi, j, Yu. (%)

In matrix notation, this is

a u
FBu B, + Yy,
where
B, !
: 2r 2r
Bo=| " |:  hi=()AmO™ e
: m=1 1<k, 1<2r j=1 .
Bﬁr I—Z‘Zr

Considering the B{l’s as functions with variables x' and parameters y¥, the system above can be solved, according to
Frobenius’s Theorem (see, e.g.,[11, Theorem 1.1]), if and only if the integrability conditions

8 8 u a u u a u
Ll + o5 li= Gt oo T+ o= LY 4 o
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hold for all i, j and all u. With indices, these are respectively

2r Jk ik
Z 1—-lim1—vg'1k _ I—vljm[vrgc + im E;Flm — gpim 8312; =0,
X X

m=1
2r Jk ik

o L e ol

im jk _ pjm ik im u o _jm u
donmrk -tk 4 T~ =0,
m=1

which by (4) mean that the curvature vanishes. Thus (*) has solutions (which depend smoothly on the parameters and the
initial values). O

Notation 3.3. Given # as above, the restriction of ; to # defines an isomorphism from # onto T4$; we will denote by
w® . T8 — # its inverse.

Proposition 3.4. The following are equivalent:

(a) D is flat and is an F "&-connection.
(b) Forany x € M™8 and any a € T, M, there exists a 1-form « defined in a neighborhood of x such that «(x) = aand Do = 0.

(c) Around any x € M, there exists a smooth coframe (o', ..., a%) of M such that Do = 0 for all i. Such a coframe will be
called flat.

Proof. The equivalence (b) <= (c) is obvious.

(a) = (b): Let U € M be an open neighborhood of x on which the rank of 7 is constant. Over U, T4 is a (involutive)
regular distribution and D is a torsion-free ¥ -connection. So we can define a partial connection V on T, § by setting for
any o, g € 21(U),

v?‘[u(a)nﬁ(ﬂ) :nt(i)otﬂ)' (]8)
One verifies immediately that the curvature tensor fields RY and R? respectively of V and D are related by:
RY (3(a), w3 (b))ms(c) = 75 (R®(a, b)c) Va,b,ceT M,

and hence RY vanishes since by hypothesis R? does. Using Frobenius’s Theorem, we can then show in a way similar to the
classical case that, for any v € Ty, there exists a vector field X defined on some neighborhood of x such that X(x) = v, X is
tangent to T4, that is, X(y) € T,4 for any y near x,and VX = 0.

Now let a € T;M. According to Lemma 3.2, the cotangent bundle splits smoothly around x into: T*M = (Kerm;) & #
with # stable under ©. Write a = b + ¢ with b € Kerm4(x) and ¢ € #,. By the argument above, there exists a V-parallel
vector field X defined in a neighborhood of x which is tangent to T4 and such that X (x) = 7;(c). Puty = @ *(X) € I'(¥#);
then y (x) = ¢, and for any 1-form ¢, 7w;(Dyy) = Vr, X = 0 implying that Dy = 0. Taking « = ZZ:] bydy" + v,
where (y*) is a family of local functions on M such that Ker r; = span{dy’, ..., dy’} near x, and b, are the coordinates of b
in {dy', ..., d,y°}, we obtain finally the desired 1-form.

(c) = (a): It is clear that if (c) holds, then O is flat. So we need only to show that O is an F"&-connection. Let x € M8
be arbitrary, and let (¢, . .., ) be a flat coframe around x. For any a € Ker my(x) and any 1-form 8 = ), f; o', we have
Dof =3 (@)@ +fiDea' =0. O

The following corollary is a refinement of the preceding proposition.

Corollary 3.5. If D is flat and is an F"#-connection, then around any x € M™® there exists an $-foliated coordinate system
with leafwise coordinates {x’}iz;l and transverse coordinates {y”}gjr such that for any # as in Lemma 3.2,

F' = (¢ :== @™ (0/0x); dy")
is a flat coframe of M near x. Such a coordinate system will be called flat.

Remark 3.6. Another equivalent way of expressing that the $-foliated coordinate system (', y*) is flat is the following:
Va/ax' = 0 for all i, where V is the (local) partial connection defined by (18).

We assume for the remainder of this section that D is flat and is an F"%-connection.
We shall compute the tensors M and T in the coframe F*. To do so, we need first to determine its dual frame. With the

notations of Corollary 3.5, for each i, there exist unique functions, A’i, R Aid—Zr' defined in a neighborhood of x such that
) d—2r )
dx' + ZAL dy" € #¢. (19)

u=1
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For any i and any u we put

2r
e H = mddy oy LN O 20)
Xiim —Hy = —m@), Vui= g =3 A o (

Lemma 3.7. With the above notations, (X;, Y,,) is the dual frame to F*. Moreover, the vector fields X; and Y, are, respectively,
Hamiltonian and Poisson, and verify

2r

drl 2L DAl
XoX]==> ot Xe X Yal =) X

= dxk = 0
X (oA, A &N A oA, .
Yo Y=Y 7@ — — — Ak—v Ak 1) X
o Y] ,; ”<3y” oy Lk T gxk T
Here, 7V := 7 (dx', d¥) and (7y) is the inverse matrix of (7).
Proof. The fact that (X;, Y,) is the dual frame to F* follows immediately once we note that
) 2r ) d—2r )
b= ¥ (3)0x) = Zﬁ,-j(dx' + 4, dy“). (22)
j=1 u=1

By definition, each of the vector fields X; is Hamiltonian. To see that each Y, is Poisson, observe that [¢;, ¢j], = Dy, P; —
Dy ¢i = 0 which yields

Yu (@i ) = Lojnidy (Vo) — Lojagbi ()

RE )

a ]
= —«Cyufi)j(a}(i) + Yy 7w (i, @) + £Yu¢i(axj) =Yy 7w (g5, 1)
= —7(Pi, Ly, P5) — 7 (Ly, i, §)) + 2Yy - (i, &),
hence Ly, (¢, ¢;) = 0; in addition, we have
Ly, 7w (¢, dy’) = =7 (i, Ly, dy") = —7 (¢, d(Yu(y"))) = 0,

and it is clear that we also have Ly, (dy’, dy”) = 0. It follows that Ly, m = 0, which means that Y, is Poisson. Finally,

2 ol 2\ 9AL
X, Xj] = Hn(dxf,dxf) = — —axk Xk, X, Yyl = Hyu(xi) = Z w s
k=1 j=1

and the last equality of (21) follows by direct computation. O

We now can give the expression of the metacurvature in the coframe F*.

Theorem 3.8. With the same notations as above, we have

(a) Foranyu=1,...,d — 2r, M(dy",-,-) = 0.
(b) Foranyi,j,k=1,...,2r,

83 rm PEWY
M i» Qi, = — e — A 7’1 /\d u
(%4, &5, di) gm: axioxi 9xk N %: 91 9% 9K o] y
82 aAL 8Al 8Al aAl
— 7 _ v A vo_pm u dvi A dyY. 23
" <Zz Ix'ox <nkl <3W oy — " gxm Y aw)) vy (23)

Proof. Part (a) is immediate from (13) and (9).
For (b), on the one hand, we have by (15),

M(@i, §j, Pr) = —Dy; Dy depy for all i, j, k.
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On the other hand, using Lemma 3.7 gives

i OA,
do =) — T Hnde— ) L h A
u

_ (A, O OA] AkLA{‘
ayv oy — 1 oxk v 9xk

) dy" A dy”, (24)

and the desired formula follows. O

Likewise, we get the following expression for the tensor T.

Theorem 3.9. (a) Foranyu=1,...,d —2r, T(dy",-) = 0.
(b) Foranyi,j,k=1,...,2r,

aanl 82 Ak
T(¢;, ) = — — P A e A dyt
(¢i: &) ; i PNt kZ Sy ey
Py d (_ (oA A LSQ A A A v A dy? (25)
— || — — — .
axi \ ayv oyt v ox! v ox! Y Y
u<v, k 1

3.1. The symplectic case

If the Poisson tensor 7 is invertible, i.e, 7 = ™! where w is a symplectic 2-form, then the flat and torsion-free
contravariant connection £ (which is, in this case, an -connection since the kernel of the anchor map reduces to zero)
is related to a flat, torsion-free, covariant connection V on M via m;(D, ) = Vi@ T:(B). In that case, a flat coordinate
system is one with respect to whom V is given trivially by partial derivatives (Remark 3.6).

Corollary 3.10. If 7 = w™", then the components of M and Tw.r.t. any flat coordinate system (x', . . ., x*) are given respectively
by
. o 33 n,de
jk _ ai__bj__ck
M = Z 7T w5 oo (26)
a,b,c,d,e
" o 32 JTCd
T, = — 7Y g —— . 27
k, a;d kOl 5o p (27)

Remark 3.11. Formula (26) has already been established by Hawkins, see [2, Theorem 2.4].

Proof. Since the kernel of 74 reduces to zero, then by Theorems 3.8 and 3.9

83 n,lm
(i, B> i) ,Z; S O o
and
82 7.",k'l
T g == o pe A

k<l
and by (22) we have ¢; = Zj ﬁi]-dxf. and the desired formulas follow. 0O
This means that for a symplectic manifold, M (resp. T) vanishes if and only if 7 is polynomial of degree at most 2 (resp. 1)
in the affine structure defined by V.

Example 3.12. Let (M, w) be a symplectic manifold. If D is a flat, torsion-free, Poisson connection on M w.r.t. 7 = ™!, then
T vanishes identically (and hence so does M). In fact, the condition D7 = 0 is equivalent to saying that the components of
 w.r.t. any flat coordinate system are constant.

Example 3.13. Let G be a Lie group with Lie algebra g, and let r € A? g be a solution of the classical Yang-Baxter equation.
For any tensor 7 on g, denote by t* the corresponding left-invariant tensor field on G. Following [4, p. 71], the formula

£+ bt = —(adf(a)b)+,
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where a, b € g*, defines a left-invariant, flat, torsion-free contravariant connection 9" on (G, r*), which is an ¥ -connection
with vanishing T by (¢’) from the introduction. It is well known (see, e.g., [12]) that if r is invertible, then the left-invariant
symplectic form o™ inverse of r defines a left-invariant, flat, torsion-free (covariant) connection V on G via

w*(VuH)Jr, wh) = —wth, ut,wt), uv,we g.

In that case, it is easily seen that H" and V are related by: r;“(ai)g+ bty = Vi+ r(b)* where rﬁJr is the anchor map associated

tor*. Accordingly, r* is polynomial of degree at most one with respect to the affine structure defined by V since T = 0 and
r is invertible, recovering thus a result of the second author and Medina (cf. [13, Theorem 1.1-(1)]).

3.2. The Riemannian case

Let & be the metric contravariant connection associated to a Poisson tensor 7 and a Riemannian metric g on a smooth
manifold M. Thanks to the metric g, the cotangent bundle splits orthogonally into

T*M = Ker ; @ (Ker ;)"

Lemma 3.14. Let U C M be an open set on which the rank of = is constant. Assume that D is an ¥ -connection on U. Then
(Ker zrulu)l is stable under D.

Thus if O is flat and is an F™&-connection, then by Corollary 3.5 there exists around any x € M"# an $-foliated chart

with leafwise coordinates {x'}? | and transverse coordinates {y*}4_3" such that {¢; = @ *(3/dx'); dy"} is a flat coframe of
M near x, where we have denoted by &+ : T8 — (Ker 7111)L the inverse of 7y : (Ker my)t — T4.In this case, the functions
A, defined by (19) can be computed by means of the metric; indeed, using (22) and the fact that (¢;, dy") = 0, one has

—Al =" g"g,, whereg"” = (dx', dy’) and (g,,) is the inverse matrix of the one whose coefficients are g"* = (dy", dy").

4. Proof of Theorem 1.1

Let (x|, y*), withi=1,...,2randu =1, ..., d — 2r, be a flat coordinate system around xo, choose # as in Lemma 3.2,
and let F* = {¢;, dy"} be the corresponding flat coframe and {X;, Y, } its dual frame. We shall construct a family of vector
fields {Z;, ..., Z,+} on a neighborhood U of xo which span T8 and commute with the X;’s and the Y,,’s. In that case,

e The family {Zy, . .., Z,,} will form a 2r-dimensional real Lie algebra g, since by the Jacobi identity
[z, Z). X1 =12, Z]. Yul =0 Vi,j, I, Vu,

sothat [Z;,Z] =), C,-’; Z, with ci’]‘- being constant; it is then clear that g acts freely on U.
e The Poisson tensor 7r will be expressed as

1 .
=2 Za'fzmzj
i

where the matrix (aij)lg,',jgr is constant and invertible: since the X;’s and the Y,,’s are Poisson (Lemma 3.7), then writing
=33 q'j Zi /\Zj.wherelaif € C*®(U), we get Xy (a¥) = Y,(a¥) = 0.
e The connection £ will be given on U by

D, =) daZ) L.
ij

In fact, this is true for any B € F* since £7¢; = £Lzdy" = 0, and D, B — Zi’j adla(Z) £z B is tensorial in B as
() = Zi,j dla(Z)z;.
We shall proceed in two steps. We first construct a family of vector fields which span T4 and commute with the X;’s, and

then construct from this the desired family.
To start, observe that by virtue of Theorem 3.9 and Lemma 3.7 we have

2r 2r 2r
X X1 =Y MXe XKoY= uhX.  [YuYl=) vi X,
k=1 j=1 i=1

where Afj ;ﬂ;u, vl are Casimir functions. Let 7 C M be a smooth transversal to T4 intersecting xo; this is parametrized
by the y*’s. Fixing y € 7, the restrictions X}, . .. ,x;r of X1, ..., Xy to the symplectic leaf 8, passing through y form a Lie
algebra g, which acts freely and transitively on 8,. Therefore, according to [14], there exists a free transitive Lie algebra

anti-homomorphism f“y tgy — 361(5y) whose image is

Iyg) ={Tex'(8): [T,X1=0Vi=1,...,2r},
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and such that IA"y(Xiy)(y) = X;(y) for all i. Setting for any i,
Tiz) == [,(X)(2), ze€3,

and varying y along 7, we get a family of linearly independent vector fields {T1, . .., T»,} which are tangent to T8 and verify
[T;, X;] =0 foralli,j,

and such that T;(y) = X;(y) for alliand ally € 7. Note that Ty, ..., T,, are smooth since the solutions of the system
[T,X;]=0, i=1,...,2r

depend smoothly on the parameter y € 7 and the initial values along 7. It is also worth noting that since the ,ul:u's are
Casimir, we have

[Xi, [T;, Y,]1 =0 foralli,jandallu,
so that
r
[T, Y =) v T
=1
where yfu are Casimir functions; in addition, since the v} 's are Casimir, we have
[T;, [Yy, Y,]] =0 foralliandallu, v
implying
2r

ik i,k
E L — =0 *
ayv 8yu + s Yku y]v Vv yju ( )

87/1{1 8)/1»"1,

forall i, jand all u, v. . A
Now we would like to find an invertible matrix £ = (Sj’)lff,jszr where Sj' are Casimir functions such that the vector fields

2r
Zi=) T, i=1,...2r
j=1

verify

[Zi, Y,] =0 foralliand all u.
If such a matrix exists, the family {Z;, ..., Z5;} is clearly the desired one. Since the functions ’;’j are searched to be Casimir,
the condition for the Z;’s to commute with the Y,’s can be rewritten as

agl &,

) i sk P

o ;yku i Vi, Y,

or in matrix notation
0
— & =T, &,
oy 6=

where & is the jth column vector of £ and I}, = (ij)lsi,jSzr. So we need to solve this system. Since the functions ij are

Casimir and éji are searched to be Casimir, we only need to solve it on 7. According to Frobenius’s Theorem, this system has
solutions if and only if the following integrability condition

0 ad
FUFU+WFUZFUFU+8TI”FU
holds for all u, v, which is nothing else but (). It then suffices to take éji(xo) = 8} (Kronecker delta) as initial conditions to
conclude.
Finally, if £ is the metric contravariant connection with respect to 7 and a Riemannian metric g, we choose # =
(Ker nj)l. In this case, we have

L7, (@, o) = L8 (¢j, dy") = Lzg (dy",dy") =0

since L7,¢; = L7dy" = 0 and since g(¢;, ¢;) and g(dy", dy”) are Casimir functions. This shows that the vector fields Z; are
Killing. O
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