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1. Introduction

A pseudo-Riemannian manifold (M, g) is said to be semi-symmetric if its curvature tensor K satisfies
K.K = 0. This is equivalent to

[K(X,Y),K(Z,T) =KEK(X,Y)Z,T) + K(ZK(X,Y)T), (1)

for any vector fields X,Y, Z, T. Semi-symmetric pseudo-Riemannian manifolds generalize obviously locally
symmetric manifolds (VK = 0). They also generalize second-order locally symmetric manifolds (V2K = 0
and VK # 0). Semi-symmetric Riemannian manifolds have been first investigated by E. Cartan 7] and the
first example of a semi-symmetric not locally symmetric Riemannian manifold was given by Takagi [13].
More recently, Szabo [11,12] gave a complete description of these manifolds. In this study, Szabo used strong
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results proper to the Riemannian sitting which suggests that a similar study of semi-symmetric Lorentzian
manifolds is far more difficult. To our knowledge, there are only few results on three dimensional locally
homogeneous semi-symmetric Lorentzian manifolds [3,4] and second-order locally symmetric Lorentzian
manifolds have been classified by D. Alekseevsky and A. Galaev in [1]. While in the Riemannian case
every homogeneous semi-symmetric manifold is actually locally symmetric, in the Lorentzian case they are
homogeneous semi-symmetric Lorentzian manifolds which are not locally symmetric.

This paper is devoted to the study of semi-symmetric curvature algebraic tensors on a Lorentzian vector
space and to the classification of 4-dimensional simply-connected semi-symmetric homogeneous Lorentzian
manifolds. There are our main results:

1. Let (V,{ , )) be a Lorentzian vector space and K : VAV — V AV a semi-symmetric algebraic
curvature tensor, i.e., K satisfies the algebraic Bianchi identity and (1). Let Rick : V' — V be its Ricci
operator. The main result here (see Propositions 2.1 and 2.2 ) is that Rickx has only real eigenvalues
and, if A1,..., A, are the non null ones then V splits orthogonally

V=Vo®Vr ®...0 Vs, (2)

where V\, = ker(Ricxy — A\Idy) and Vo = ker(Rickx)?. Moreover, dimVy, > 2, KW\, W) =
K(Vo,Vy,) = 0 for ¢ # j, K(u,v)(Vy,) C Vy, and K(u,v)(Vy) C Vp. This reduces the study of semi-
symmetric algebraic curvature tensors to the ones who are Einstein (Ricx = Ady ) or the ones who are
Ricci isotropic (Rick # 0 and (Rick)? = 0).

2. In [8], Derdzinsky gave a classification of four dimensional Lorentzian Einstein manifolds whose curvature
treated as a complex linear operator is diagonalizable and has constant eigenvalues. In [5], Calvaruso
and Zaeim described locally homogeneous Lorentzian four-manifolds with diagonalizable Ricci operator.
In [2], Astrakhantsev gave all semi-symmetric curvature tensors on a four dimensional Lorentzian vector

space. Based on these three results, we prove the following two results.

Theorem 1.1. Let M be a four-dimensional Einstein Lorentzian manifold with non null scalar curvature.
Then M is semi-symmetric if and only if it is locally symmetric.

Theorem 1.2. Let M be a simply connected homogeneous semi-symmetric 4-dimensional Lorentzian
manifold. If the Ricci tensor of M has a non zero eigenvalue then M is symmetric and in this case it
s a product of a space of constant curvature and a Cahen—Wallace space.

We start in Section 3 by proving Theorem 1.2 when M is Lie group endowed with a left invariant

Lorentzian metric. In Section 4, we prove Theorems 1.1 and 1.2.

3. Having Theorem 1.2 in mind, to complete the classification of simply connected four-dimensional ho-
mogeneous semi-symmetric Lorentzian manifolds, we determine all simply connected four-dimensional
semi-symmetric homogeneous Lorentzian manifolds with isotropic Ricci curvature. We will show that
in this case (Rick)? = 0 and K2 = 0. To determine these spaces we distinguish two cases:

(a) Simply connected four-dimensional homogeneous semi-symmetric Lorentzian manifolds with non
trivial isotropy and satisfying (Ricx)? = 0. In Section 5, by using Komrakov’s classification of
four-dimensional homogeneous pseudo-Riemannian manifolds [9], we give the list of such spaces.
In Theorem 5.1, we give the list of four-dimensional homogeneous semi-symmetric non symmetric
Lorentzian manifolds with non trivial isotropy and which are Ricci flat. In Theorem 5.2, we give
the list of four-dimensional homogeneous semi-symmetric non symmetric Lorentzian manifolds
with non trivial isotropy and which are not Ricci flat. We point out that there are four-dimensional
homogeneous symmetric Lorentzian manifolds which are Ricci isotropic even Ricci flat non flat (see
Remark 2).
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(b) Four dimensional semi-symmetric Lorentzian Lie groups with (Rick)? = 0. We study these Lie
groups in Section 6. We point out that the Ricci flatness of these Lie groups implies flatness and
when Ricg # 0 they are of two types: indecomposable with 2-dimensional holonomy Lie algebra,
and decomposable with one dimensional holonomy Lie algebra.

The computations in Sections 5 and 6 have been performed using a computation software.

2. Semi-symmetric curvature tensors on Lorentzian vector spaces

In this section, we prove the first result listed in the introduction, we recall Astrakhantsev’s list of
semi-symmetric curvature tensors on a four dimensional Lorentzian vector space (see [2]) and we pull out
from this list the results we will use later.

Let (V,(, )) be a n-dimensional Lorentzian vector space. We identify V' and its dual V* by the means
of (, ). This implies that the Lie algebra V @ V* of endomorphisms of V is identified with V' ® V, the Lie
algebra so(V, (, )) of skew-symmetric endomorphisms is identified with V' AV and the space of symmetric
endomorphisms is identified with V'V V' (the symbol A is the outer product and V is the symmetric product).
For any u,v € V,

(uAvV)w = (v,w)u — (u,w)v and (uVo)w= = ((v,w)u+ (u, w)v).

N | =

Through this paper, we denote by A, , the endomorphism u A v. On the other hand, V' AV carries also a
nondegenerate symmetric product also denoted by (, ) and given by

(u Av,wAt) == (uAv(w),t)y = (v, w){u,t) — (u, w)(v,t).

We identify V AV with its dual by means of this metric.
A curvature tensor on (V,(, ))isa K e (VAV)V (V AV) satisfying the algebraic Bianchi’s identity:

K(u,v)w + K(v,w)u + K(w,u)v =0, wu,v,we V.
The Ricci curvature associated to K is the symmetric bilinear form on V' given by rick (u,v) = tr(7(u, v)),
where 7(u,v) : V. — V is given by 7(u,v)(a) = K(u,a)v. The Ricci operator is the symmetric endomor-
phism Ricg : V. — V given by (Rick(u),v) = rickx(u,v). We call K Einstein (resp. Ricci isotropic) if
Ricx = Mdy (resp. Rick # 0 and Rick = 0). Note that if K = (uAv)V (wAt) then

rick = (u, w)t Vo + (v, thu Vw — (v,w)t Vu — (u,t)v V w.

We denote by h(K) the vector subspace of VAV image of K, i.e., h(K) = span{K(u,v)/ u, v € V}.
A curvature tensor K is called semi-symmetric if it is invariant by h(K), i.e.,

[K(u,v),K(a,b)] = K(K(u,v)a,b) + K(a, K(u,v)db), wu,v,a,be V. (3)

In this case, h(K) is a Lie subalgebra of so(V,( , )) called primitive holonomy algebra of K. If K is semi-
symmetric then its Ricci operator is also invariant by h(K), i.e.,

K(u,v) o Rick = Ricg o K(u,v), wu,ve V. (4)

We recall now the different types of symmetric endomorphisms in a Lorentzian vector space in order to
determine the types of Ricci operator of a semi-symmetric curvature tensor.



214 A. Benroummane et al. / Differential Geometry and its Applications 56 (2018) 211-233

Theorem 2.1 (see [10]). Let (V,{, )) be a Lorentzian vector space of dimensionn >3 and f:V — V a
symmetric endomorphism. Then there exists a basis B of V' such that the matrices of f and (, ) in B are
given by one of the following types:

L. type {dla‘g} M(f7]B) = diag(ah -~-aan)a M(< ’ >7B) = dlag(+1a ey +17 _1)7

2. type {n —2,2z}: M(f,B) = diag(a, ..., n_2) ® (_ab Z) ,0#0, M((, ),B) = diag(+1, ..., +1, —1),

3. type {n,a2}: M(f,B) = diag(ay,...,an_2) & (a ;) , M((, ),B)=1I,2& (O 1),

0 1 0

a 1 0 0 1
4. type {n,a3}: M(f,B) = diag(a,...,an—3)® | 0 « 1 |, M((,),B)=Il,—3® |0 1 0

0 0 « 1 0 0

The following proposition gives the type of the Ricci operator associated to a curvature tensor satisfy-
ing (4).

Proposition 2.1. Let K be a curvature tensor on a Lorentzian vector space (V,{, )) satisfying (4). Then its
Ricci operator is either of type {diag} or {n,02}. In particular, all its eigenvalues are real.

Proof. Since Ricg is a symmetric endomorphism of (V, (, )) then there exists a basis B of V' such that the
matrices of Rick and (, ) in B have one of the forms listed in the statement of Theorem 2.1.

1. Suppose that the matrices of Ricx and (, ) are of type {n — 2,2z}. Put B = (e1,...,e,—1,€,€). Then,
fori=1,...,n—2,

Rick(e;) = ase;, Rick(e) =ae —be and Rick(€) = be + ae, b#D0.

This shows that the sum of the eigenspaces associated to the real eigenvalues of Ricg is E =
span{ey,...,e,_o}. From (4), we can deduce that h(K) leaves invariant E and hence its orthogonal
E+ = span{e,e}. So

b= (Rick(e),e) = (K(e,e)e,e) — (K(e,e)e, e —1—2 (e,e;)e,e;) =0,

which contradicts the fact that b # 0.
2. Suppose that the matrices of Rick and (, ) are of type {n,a2}. Put B = (eq,...,en—2,¢e,€) and remark
that, fori=1,...,n — 2,

Rick(e;) = aze;, Rick(e) = ae, Rick(€) =e+ae and (e,e) = (€,€) =0, (e,e) = 1.

This shows that Rick has only real eigenvalues and the sum of the associated eigenspaces is E =
span{e,ej,...,e,_o}. From (4), we can deduce that h(K) leaves invariant E. We have then

a = (Rick(€),e) = (K(e,e)e,e) + (K(e,e)e, e) + Z (e,e;)e,e;) = (K(e,e)e,€).

On the other hand,
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(K(e,e)e,e) = (K(e,e)(Rick (€) — a€),e) = (K(g,e) o Rick (€),€)
Y Rick 0 K(2, )2, ) = (K(e, e)e, Ricx ()
= (K(z, e)z, e + a@) = (K(2, e)2, &) = —(K(e, e)e, e).
So a =0,

3. Suppose that the matrices of Rickx and ( , ) are of type {n,a3}. Put B = (e1,...,en—3,¢, f,€) and
remark that, fori =1,...,n — 3,

Rick(e;) = ase;, Rick(e) = ae, Rick(f) =e+af and Rick(e) = f + ae.

This shows that Ricx has only real eigenvalues and the sum of the associated eigenspaces is E =

span{e,eq,...,en_3}. From (4), we can deduce that h(K) leaves invariant E. We have then
n—3
a = (Rick(€),e) = (K(g,e)e,e) + (K(&, fe, f) + (K(e,€)e, e) + Z(K(E, e;)e ey = (K(g, e)e, e).
i=1
Furthermore,

(e,e)
= (K(e,e) o Rick (f),e) — a(K(e,e)f,€)
2 (K(e,e)f. Rick (€)) — a(K(@.¢)f, )
= (K(e,e)f, f + ae) — a(K(e,e) f, )
= 0.
So a = 0. Thus
1 = (Rick(e), f) = (K(e,e)f,e) + (K& f)f. f) + (K(e.e)f,e) + Z_:<K<é’ e;)f,ei) = (K(ee)f,e).

On the other hand,

(K(e,e)f,2) = (K(, e)Rick (e),2) = (K(e, e)e, Ricx (8)) = (K(e, e)e, f) = —(K(€,e),2).

This shows that (K(e,e)f,e) = 0 which contradicts what above and completes the proof. O

We give now the main result of this section which gives a useful decomposition of semi-symmetric cur-
vature tensors in a Lorentzian spaces.

Proposition 2.2. Let K be a semi-symmetric curvature tensor on a Lorentzian vector space (V,(, )). Then all
eigenvalues of Rick are real. Denote by aq, . .., a,. the non null eigenvalues and Vi, . .., V,. the corresponding
etgenspaces. Then:

1. V splits orthogonally as V =Vy ® Vi @ ... & V,., where Vy = ker(Ric)?,
2. for anyu,v €V andi=0,...,r, V; is h(K)-invariant,

3. forany i,j=0,...,r withi # j, Kjy,ay, =0,

4. foranyi=1,...,r, dimV; > 2.
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Proof.

1. This is a consequence of Proposition 2.1.
2. This statement follows from (4).
3. Let u e V;, v € Vjand a,b € V. Since K(a,b)(V;) C V; and (V;,V;) =0, we get

0= (K(a,b)u,v) = (K(u,v)a,b)

and hence K(u,v) = 0.

4. Suppose that dimV; =1 for i = 1,...,7 and choose a generator e of V; such that (e, e) = € with € =1
and complete to get an orthonormal basis (e, ey, ..., e,_1) with (e;,e;) = €;, €2 = 1. For any a,b € V,
K(a,b) is skew-symmetric and leaves V; invariant so K(a,b)e = 0. Now

n—1

ea; = (Rick(e), e) = e(K(e,e)e, e) + Z ei(K(e, ei)e, e;) =0,

i=1

which is a contradiction and achieves the proof. O

This proposition reduces the determination of semi-symmetric curvature tensors on Lorentzian vector
spaces to the determination of three classes of semi-symmetric curvature tensors: Einstein semi-symmetric
curvature tensors on an Euclidean vector space, Einstein semi-symmetric curvature tensors on a Lorentzian
vector space and Ricci isotropic semi-symmetric curvature tensors on a Lorentzian vector space.

We end this section by recalling the classification of semi-symmetric curvature tensors on four dimensional
vector spaces given by Astrakhantsev in [2] and pulling out from it some results we will use later.

The idea behind Astrakhantsev’s classification is the following. Let K be a semi-symmetric curvature
tensor on a Lorentzian vector space (V,(, )). The space h(K) is actually a subalgebra of so(V,(, )) and
the semi-symmetry is equivalent to h(K).K = 0. So, one way to determine all semi-symmetric curvature
tensors is to classify, up to equivalence, all proper subalgebras of so(V,(, )) and for each one of them, say
g, determine all the curvature tensors K satisfying h(K) = g and g.K = 0. In dimension four, this was done

successfully in [2] and led to the following result.

Theorem 2.2 (/2]). Let (V,{, )) be a four dimensional Lorentzian vector space and K a semi-symmetric
curvature tensor on V. Then there exists an orthonormal basis (x,y,z,t) of V with (t,t) = —1 such that

one of the following situations occurs:

1. dimh(K) =
00 O 0
0 0 O 0 .
(a) K =aAp .V Ay, 2[Rick] = 00 o — Ricj, =0
0 0 a —a
0 0 0 0
0 0 0 0
(b) K =aA;,V A, [Rick] = 00 —g NE
0 0 0 —a
a 0 0 O
. 0 a 0 O
(¢c) K=aAy,V Ay, Rick] = 00 0 ol
0 0 0 O
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2. dimbh(K) = 2:

0 0 0 0
. 0 0 0 0 . 9
(a) K=0aApsVAps+bAy VA, +cAp. VA, 2Rick] = 00 ath —a—b| Ricy =0,
0 0 a+b —a—0»
a 0 0 O
. 0 a 0 0
(b) K =aA;.V A .+bAy VA, [Rick] = 00 -5 ol
00 0 —-b
3. dimb(K) = 3:
0 0 0 0
. 0 —2a 0 0
(a) K=a(A;.VA,+2A4,,V Ay ), [Rick] = 0 0 —94 NE
0 0 0 —2a
2 0 0 O
. 0 2a 0 0
(b) K=a(AzyVAsy+ Az VA, .+ A, .VA,.) Rick] = 0 0 24 0l
0 0 00

4. dimh(K) =6, K = aldyry and Ricx = —3aldy .

On what above p = %(z +1t), ¢ = \%(z —t), a,b, c are real parameters and [Rick] is the matriz of Rick in

the basis (z,y, z,t).
As a consequence of this theorem we get the following result.

Corollary 2.1. Let (V, { , )) be a four dimensional Lorentzian vector space and K a semi-symmetric curvature
tensor on V. Then:

1. If K is Einstein with dimh(K) # 6 and Rickg # 0 then there exists an orthonormal basis (x,y, z,t) of
V with (t,t) = —1 such that

K= a(Atz V At,z - Ay,w V Ay7$), a < R*.

In particular, K is diagonalizable with a as an eigenvalue of multiplicity 2 and 0 as an eigenvalue of
multiplicity 4.
2. If K is Ricci flat then there exists an orthonormal basis (x,y,z,t) of V with (t,t) = —1 such that

K=aAp,VA,,, acRp=—7(2+1).

1
V2
In particular, K? = 0.
3. If K is Ricci isotropic then there exists an orthonormal basis (z,y, z,t) of V with {t,t) = —1 such that

K=aA,, VA, ,+bA, VA, , +cA, VA, abceR at+b#0,p=—(z+1).

1
V2
In particular, K? = 0.

Actually, in Section 6 we need a more simple form of Ricci isotropic semi-symmetric curvature tensors.
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Proposition 2.3. Let (V,(, )) be a four dimensional Lorentzian vector space and K a semi-symmetric Ricci
isotropic curvature tensor on V. Then there exists a basis (e, f,g,h) such that the non vanishing products

are (e;e) = (f, f) = (g.h) =1 and
K= wlAe,g V Ae,g + LUQAﬁg vV Af,g, w1 + wy = £1.

Proof. As in Corollary 2.1, put K = ad, .V Ape +bA, yVApy +cAp. VA, witha+b#0.If c=0
we take e =z, f =y, g = \/|la+blp and h = \/ﬁ, wy = \aaTbl and wo = ‘a—ib‘. If ¢ # 0, we look for
e = cos(a)z +sin(a)y, f = —sin(a)z + cos(a)y and w] and wh such that K = wjA., VA, +wiAp,VAf,.
This is equivalent to

W) cos®(a) 4+ whsin?(a) = a, w) cos?(a) +whsin®(a) =b and (w] — wh)sin(2a) = c.

This equivalent to

c
U I — b P = d ! 2 f, sin? = Q.
wy; +wy =a+b, w — wsy Sin(2a) and w] cos”(a) + whsin“(a) = a

Which is also equivalent to

1 c 1 c
[ bt —— A h— —— d tan? = T —1=0.
Y175 (a o sin(2a)) 279 <a * sin(2a)> an an™(e) + c an(a)
The last equation has a solution which completes the proof. 0O

We end this section by the following interesting remark.

Remark 1. By using Theorem 2.2, one can see easily that if Rickx has a non zero eigenvalue then it is
diagonalizable. Otherwise, Ricy = 0.

3. Four dimensional semi-symmetric Lorentzian Lie groups with Ricci curvature having a non zero
eigenvalue are locally symmetric

In this section, we give some general properties of semi-symmetric Lorentzian Lie groups and we prove
Theorem 1.2 when M is a Lorentzian Lie group.

A Lie group G together with a left-invariant pseudo-Riemannian metric g is called a pseudo-Riemannian
Lie group. The metric g defines a pseudo-Euclidean product ( , ) on the Lie algebra g = T.G of G, and
conversely, any pseudo-Euclidean product on g gives rise to an unique left-invariant pseudo-Riemannian
metric on G.

We will refer to a Lie algebra endowed with a pseudo-Euclidean product as a pseudo-Fuclidean Lie algebra.
The Levi-Civita connection of (G, g) defines a product L : g x g — g called the Levi-Civita product and
given by Koszul’s formula

2(Luv, w) = ([u, v}, w) + ([w, u],v) + ([w, v], u). ()
For any u,v € g, L, : g — g is skew-symmetric and [u,v] = L,v — L,u. We will also write u.v = L,u.
The curvature on g is given by K(u,v) = Ly ») — [Lu, Ly]. It is well-known that K is a curvature tensor on

(g,(, )) and, moreover, it satisfies the differential Bianchi identity

Ly (K) (v, w) + Ly (K) (w, u) + Ly (K) (u,v) =0, w,v,w € g (6)
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where L, (K)(v,w) = [Ly, K(v, w)] — K(L,v,w) — K(v,L,w). Denote by h(g) the holonomy Lie algebra of
(G, g). Tt is the smallest Lie algebra containing h(K) = span{K(u,v) : u,v € g} and satisfying [L,, h(g)] C

bh(g), for any u € g.
If we denote by R,, : ¢ — g the right multiplication given by R, v = L,u, it is easy to check the following

useful relation
K(u,.)v = =Ry 0 Ry + Ry + [Ro, Lu. (7)
We can also see easily that
9.0 ={uegR,=R;} and (g.9)" ={ucgR,=0} ®)

(G, g) is semi-symmetric iff K is a semi-symmetric curvature tensor of (g, (, ). Without reference to any Lie
group, we call a pseudo-Euclidean Lie algebra (g, ( , ) semi-symmetric if its curvature is semi-symmetric.
We introduce, for any nonunimodular pseudo-Euclidean Lie algebras g, the vector h defined by (u,h) =
tr(ad, ). We have obviously, h.h = 0 and since h € [g, g]*, Ry, is a symmetric endomorphism.
Let (g,(, )) be a semi-symmetric Lorentzian Lie algebra. According to Proposition 2.2, g splits orthog-
onally as

I=00090®...®0,, 9)

where gg = ker(RicQ) and g1,...,g, are the eigenspaces associated to the non zero eigenvalues of Ric.
Moreover, K(gi,g;) = 0 for any ¢ # j and dimg; > 2 if ¢ # 0. The following proposition gives more
properties of the g;’s involving the Levi-Civita product.

Proposition 3.1. Let (g,(, )) be a semi-symmetric Lorentzian Lie algebra. Then, for any i,j € {1,...,r}
and i # 7,

9;-9: C 9i, 9i-9i C 8o+ 9i; 90-9i C 9i, 90-90 C g0, 9i-80 C 9o + i-

Moreover, if dimgo = 1 then for any u € gy, u.u = 0 and, for any k € N*, [RE L] = kRF+L. In particular,
R, is a nilpotent endomorphism.

Proof. We start by proving that, for any i € {1,...,r} and any z € g;i-, L,g; C g;- Fix i € {1,...,r} and
x € git. For any u,v,w € g;, by using the differential Bianchi identity, we get

L (K) (u, v, w) = =Lu(K) (v, 7, w) — Ly (K)(2, u, w)
= —L,(K(v, z)w) + K(Lyv, z)w + K(v, Lyz)w + K(v, )L, w
— Ly (K(u, 2)w) + K(Lyu, 2)w + K(u, Lyx)w + K(u, ) Lyw
= K(Lyv,z)w + K(v,Lyz)w + K(Lyu, 2)w + K(u, L,z)w,

since, by virtue of Proposition 2.1, K(u,xz) = K(v,2z) = 0. This shows, also according to Proposition 2.1,
that L, (K)(u, v, w) € g;. Now

L. (K)(u,v,w) = Ly (K(u, v)w) — K(Lyu, v)w — K(u, Lyv)w — K(u, v)L,w
=L, (K(u,v)w) — K(Lyu, v)w — K(u, Lyv)w + K(v, Lyw)u + K(Lzw, u)v.



220 A. Benroummane et al. / Differential Geometry and its Applications 56 (2018) 211-233

Since L, (K)(u,v,w) € g; and K(g,9)g; C g;, we get L, (K(u,v)w) € g,. Having this property in mind,
we will prove now that L,Ric(u) € g;. Choose an orthonormal basis (eq,...,e,) which is adapted to the
splitting (9) and put €; = (e;, e;). For any z € g;-, we have

(LzRic(u), z) = —(Ric(u Zel (u,ex)ex, L, 2) ZGZ (u,ex)er), z) = 0.

k=1 k=1

We have used the fact that if e, € g; then L,((K(u,ex)ex) € g; and if e € gJ- then K(u,ex) = 0. Thus
L.Ric(u) = \;L,u € g; where J\; is the eigenvalues of Ric associated to the eigenspace g;. We conclude that
L.g; C g; which shows that, for any i,j € {1,...,7} with i # j, Ly, 9; C g; and Lg,g; C g;. Since L takes
its values in so(g), the other inclusions follow immediately.

Suppose that dim gg = 1 an choose a non null vector u € gg. Since dim gg = 1, go is nondegenerate and
90-90 C go we get u.u = 0. Moreover, K(u,.) = 0 and hence from (7) [Ry,L,] = R2. By induction, we
deduce that, for any k € N*, [RF, L,] = kRE*1. This implies that tr(R¥) = 0 for any k > 2 and hence R,, is
a nilpotent endomorphism. 0O

We will use the following lemma later.

Lemma 3.1. Let V be a pseudo-Euclidean vector space of dimension < 3 and A, B are, respectively, an
endomorphism and a skew-symmetric endomorphism such that [A, B] = A2. Then A=0 or B = 0.

Proof. The relation [A, B] = A2 implies that, for any k € N*, [A*, B] = kA**! and tr(A¥) = 0 for k > 2
which implies that A is nilpotent. If dim V' = 2 we have [A, B] = 0 and if dim V = 3 we have [42%, B] = 0.
To conclude it suffices to show that in a pseudo-Euclidean vector space of dimension < 3 if N and B are,
respectively, nilpotent and skew-symmetric satisfying [N, B] = 0 then B =0 or N = 0. Suppose N # 0 and
denote by N¢ and B¢ the associated complex endomorphisms of V' ® C.

If dim V = 2 and since [N, B] = 0 then there exists a basis of V' ® C such that

[N = (3 é) 5] = (3‘ g) {a,8} = {1, —ua} or {a, 5} = {a, —a}.

The condition [N, B] = 0 implies a = 0 and hence B = 0.
If dim V' = 3 and since [N, B] = 0 then there exists a basis of V' ® C such that

01 0 0 0 O a 0 0
[Nl=[0 0 1 Jor |0 0 1| ,[Bl=0 B8 0], {o,p}=1{ra,—w}or{opB}={a, —a}.
0 0 0 0 0 O 0 0 O

The condition [N, B] = 0 implies a = 0 and hence B =0. O

Let (G,h) be a four dimensional semi-symmetric Lorentzian Lie group with Ricci curvature having a
non zero eigenvalue. By virtue of Remark 1, the Ricci tensor is diagonalizable and, according to (9) and
Proposition 3.1, the Lie algebra g of G has one of the following types:

(S4)) dimg =4 and g = g, with A # 0.

(S4pA) g =9, @ gr with dimg, =dimgy =2, A # p, A # 0, £ # 0, gu-gx C 9x, 920 C Gy, G101 C O
and g,,.9, C g,

(S40'\) g = go @ g with dimgo = 1, go.gx C g, 90-80 C go and X # 0.
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(5402)\) g=go D g, with dim gy = 2, go-gx C gx, g0-00 C go and A # 0.

Here g, = ker(Ric — Adg) and go = ker(Ric?).
In [6], there is a classification of four-dimensional Lorentzian Einstein Lie algebras which are all locally
symmetric. To complete showing that G is locally symmetric we need the following three propositions.

Proposition 3.2. Let (g, (, )) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S4pX).
Then gx.8, = 9u-9x = 0 and hence g is the product of a two dimensional Euclidean Lie algebra with a two
dimensional Lorentzian Lie algebra.

Proof. We have g =g, ® g with p #0, A # 0, 1 # X 8,-8, C 9, 9291 C 9, 920, C 9y and g,.9x C gx.
We can suppose that g, is Euclidean and gy is Lorentzian. According to Proposition 3.1, there exists an
orthonormal basis (e, f) of g, and an orthonormal basis (g, h) of gx such that, in restriction to g,, Ly
vanishes and, in restriction to gy, Lj vanishes. So

L. = aeAf+bgAh, Ly = dgAh, Ly = ueAf+vghh, Ly = penf, K(e, f) = —denf and K(g,h) = —pgAh.
We have
le, /] = ae, [e,g] = bh+uf, [e;h] = bg+pf, [f,g] = dh —ue, [f,h] = dg —pe, [g,h] = vg.
The relations
—pe N f =L — [Le,Ly] and —AgAh =Ly — [Lg, L]

are equivalent to a? = —\, v2 = p, ab = vu = 0 and hence u = b = 0. Now the relation 0 = Lign — [Ly, Ly
is equivalent to ap = dv — bp = 0 and hence p = d = 0 and we get the result. O

Proposition 3.3. Let (g, (, }) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S40\).
Then g.go = 0, gxa-gx C gx and hence g the semi-direct product of go with the three dimensional pseudo-
Euclidean Lie algebra gy of constant curvature and the action of go on gy is by a skew-symmetric derivation.

Proof. We have g = go @ g with dimgy = 1, A # 0 and go.gx C gx and go.go = {0}. This implies that
gx-00 C gx. Choose a generator u of go. According to Proposition 3.1, R, is nilpotent and [R,,L,] = RZ.
But R, (u) = 0 and Ry (gx) C gx and hence, according to Lemma 3.1, R,, = 0 or L, = 0. Moreover, by
virtue of Propositions 2.2 and 3.1, for any v,w € gy, K(v,w) = —%U Aw and K(u,.). = K(.,.)u = 0. Let
show that R, = 0.

Suppose that R, # 0, hence L,, = 0 and R2 = 0. Then ImR,, is a one dimensional subspace of g,. Choose
a generator v = x.u € ImR,,. We have,

0 =Lius] — [Lu, La] = Lo
So L, = 0. Then, for any w € g,
A
—5v Aw = Ly ] = [Ly, L] = Lep.o-
Consider R, : gn — g. From the relation above, we have ker R, = Rv. So there exists two linearly

independent vectors vy,vs € gy such that {v,v1,v2} is a basis of gy, {vi.v,v2.0} are linearly independent
with
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Lyyvw=—AAv; and Ly, ,=—-AvAuvs.

This implies that gy.gx C g and hence R,, = 0. Finally, R, = 0.
Now D =L, = ad, is a skew-symmetric derivation of gy. If g, is unimodular then D = ad, with v € g
and since the metric on g, is bi-invariant, for any w € gy, L, = %adw. So

1 1
K(u, w) = L[u,w] - [Lu,Lw] = iad[v,w] - i[adq,,adw] =0.
If g, is nonunimodular then, for any v € gy adp, = [D,ad,] and hence 0 = tr(adp,) = (Dv,h) which
implies that Dh = 0. One can check easily that this condition suffices to insure that K(u,v) = 0 for any
veEgN O

Proposition 3.4. Let (g, (, }) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S40%)).
Then go.g = 0, gx.gx C 9x, 9x-80 C go and hence g is the semi-direct product of the pseudo-Fuclidean
Lie algebra g, with the abelian Lie algebra gy and the action of gx on go is given by skew-symmetric
endomorphisms.

Proof. We have g = go @ g, with dimgg = 2, go.90 C go and go.gx C gx. Moreover, for any u € go and
v,w € gx, K(u,.). = K(.,.)u = 0 and K(v,w) = —3u A v. Let first show that go.go = {0}. Since gy is
a pseudo-Euclidean Lie algebra with vanishing curvature then go.go = {0} when go is Euclidean. If g is
Lorentzian then there exists a basis (e, f) of go with (e, f) =1 such that

Le=agAh, Ly=ceNf+bgAh and I[e,f]=-cf.

But the Lie algebra of skew-symmetric endomorphisms of a 2-dimensional pseudo-Euclidean vector space
is abelian then, for any u,v € go, we have [L,,L,] = 0 and hence L, ,j = 0. Thus cL; = 0 which implies
go0-g0 = {0}

Consider N = {u € gg, L,, = 0}. Since gg.go = {0} and dim L(go) < 1 we have dim N > 1. Suppose that
dim N = 1. Therefore, we can choose an orthonormal basis (e, f) of go such that L. # 0 and Ly # 0. Since
e.e = 0, L. left invariant e-. We have also (R.v,e) = 0 and hence R, leaves invariant e. Since e.e = 0, we
get from (7) that [Re,L.] = R2. According to Lemma 3.1, the restriction of R, to e vanishes and hence
its vanishes. A same argument shows that Ry = 0 and hence for any v € go, R, = 0. This implies that
gx-0x C gx. Now, for any u € go, L, is a skew-symmetric derivation of gy and hence L, = 0. So we have
shown that, for any u € go, L, = 0. Let show now that gx.gx C g,. Remark first that is equivalent to
ImR, C go for any u € gg.

Suppose that there exists u € go such that ImR,, ¢ gg. This means that there exists v € gy such that
v.u = vp + v where vg € go and vy € gy with vy # 0. Then L, = Ly = Ly, = 0. Therefore, for any
W E gx, Ly, = —%w A v. This implies that gy.gx C g) which is a contradiction. So we have proved so far
that, for any u € go, L, = 0, ga-gx C gx and gx.go C go- So g is the semi-direct product of gy with gg and
the action of g, on gp is given by skew-symmetric endomorphisms. O

4. Proof of Theorems 1.1 and 1.2

The proof is based on Corollary 2.1 and the following two theorems proved, respectively, in [8] and [5].

Theorem 4.1 (/8]). Let (M, g) be an oriented four-dimensional Lorentzian Einstein manifold whose curvature
operator, treated as a complex-linear vector bundle morphism K : N2TM — N2TM, is diagonalizable at
every point and has complex eigenvalues that form constant functions M — C. Then (M,g) is locally
homogeneous, and one of the following three cases occurs:
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(a) (M,g) is a space of constant curvature.

(b) (M,g) is locally isometric to the Riemannian product of two pseudo-Riemannian surfaces having the
same constant Gaussian curvature.

(¢) (M,gq) is locally isometric to a Petrov’s Ricci-flat manifold.

Furthermore, (M,g) is locally symmetric in cases (a) — (b), but not in (c), and in case (c) it is locally
isometric to a Lie group with a left-invariant metric.

Theorem 4.2 (/5]). Let (M, g) be a locally homogeneous Lorentzian four-manifold. If its Ricci operator is
diagonalizable then (M, g) is either Ricci-parallel or locally isometric to a Lie group equipped with a left
invariant Lorentzian metric.

Proof of Theorem 1.1. Suppose that M is semi-symmetric. For any p € M, K, is a semi-symmetric curva-
ture tensor on T, M. According to Corollary 2.1, its total curvature operator is diagonalizable as C-linear
endomorphism of A?T}, M with eigenvalues 0 and —% where A is the scalar curvature. So the eigenvalues are
constant and, according to Theorem 4.1, M is locally symmetric. O

Proof of Theorem 1.2. Let (M, g) be a simply connected homogeneous semi-symmetric Lorentzian four-
manifold with Ricci curvature having a non zero eigenvalue. According to Remark 1, Ric must be diago-
nalizable. So, according to Theorem 4.2, (M, g) is either Ricci-parallel or locally isometric to a Lie group
equipped with a left invariant Lorentzian metric. If (M, g) is Ricci-parallel and has two distinct eigenvalues
then, according to Theorem 7.3 in [5], M is locally symmetric. Suppose now that (M, g) is Einstein with
non null scalar curvature. According to Corollary 2.1, the total curvature is diagonalizable and we can apply
Theorem 4.1 to get that M is locally symmetric. If M is a Lorentzian Lie group, we have shown in section 3
that M is locally symmetric. This completes the proof. 0O

5. Four-dimensional Ricci flat and Ricci isotropic homogeneous semi-symmetric Lorentzian manifolds

In this section, we deal with non flat semi-symmetric four-dimensional Lorentzian manifolds with isotropic
Ricci curvature. According to Remark 1, these manifolds satisfy Ric® = 0.

We use Komrakov’s classification [9] of four-dimensional homogeneous pseudo-Riemannian manifolds
and we apply the following algorithm to find among Komrakov’s list the pairs (g, g) corresponding to
four-dimensional Ricci flat or Ricci isotropic homogeneous semi-symmetric Lorentzian manifolds.

Let M = G/G be an homogeneous manifold with G connected and § = g ® m, where g is the Lie algebra
of G, g the Lie algebra of G’ and m an arbitrary complementary of g (not necessary g-invariant). The pair
(9, 9) uniquely defines the isotropy representation p : g — gl(m) by p(z)(y) = [2, y]m, for all z € g, y € m.
Let {e1,...,er,u1,...,u,} be a basis of g where {e;} and {u;} are bases of g and m, respectively. The
algorithm goes as follows.

1. Determination of invariant pseudo-Riemannian metrics on M. It is well-known that invariant pseudo-
Riemannian metrics on M are in a one-to-one correspondence with nondegenerate invariant symmetric
bilinear forms on m. A symmetric bilinear form on m is determined by its matrix B in {u;} and its
invariant if p(e;) o B4+ Bop(e;) =0fori=1,...,7.

2. Determination of the Levi-Civita connection. Let B be a nondegenerate invariant symmetric bilinear
form on m. It defines uniquely an invariant linear Levi-Civita connection V : g — gl(m) given by

1

V(z) = px), V()(z) = Sy, 2w +v(y:2), @ € g,y,2 € m,
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where v : m X m — m is given by the formula
2B(v(a,b),c) = B([¢, a]m,b) + B([¢,b]m,a), a,b,c € m.
3. Determination of the curvature. The curvature of B is the bilinear map K : m x m — gl(m) given by
K(a,b) = [V(a),V(b)] = V([a,blw) — p([a,blg), a,b € m.
4. Determination of the Ricci curvature. It is given by its matrix in {u;}, i.e., ric = (ric;j)1<i,j<n Where
ric;; = Zn:KM(ur,uj).
r=1

5. Determination of the Ricci operator. We have Ric = B~ !'ric.
6. Checking the semi-symmetry condition.

The following theorem gives the list of homogeneous with non trivial isotropy four dimensional semi-
symmetric non symmetric Lorentzian manifolds which are Ricci flat non flat.

Theorem 5.1. Let M = G/G be four-dimensional semi-symmetric non symmetric Ricci flat homogeneous
Lorentzian manifold. Then M is isometric to one of the following models, where g = Rey and that the only
non trivial brackets [e1, ;] are indicated:

0 0 a O
I) 1.4', g = span{er, u1,uz, u3, us} with [e1,us] = u1, [e1,us] = uz and By = 2 _Oa 2 2 (ac < 0);
0 0 d c
(a) 1.41:9;
[ui,us] = u1, [ug,us] = re; +us 4+ ua, [uz,us] = pusg with ¢ = 2ap* + 2ap + 2ar,
(b) 1.4': 10;
[u1, us] = w1, [ug,ug] =re1 +ug, [usz,usd] =pus with P +p+r=0,
(c) 1.4 :11;
[ur,ug) = uy, [ug,ug] =re; + us + ug, [ug,us] = w1 —ug with ¢ = 2ar,
(d) 1.4 :13;
[ug,uz] = req + ug, [uz,ug] = ug with c = 2a(l +r),
(e) 1.4%:14;
[uz, us] = req, [uz,us] =us withr=—1,
(f) 1.4' : 16;

[ug, us] = —e1 + ug, [us,ug] =uy with c = —2a,
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(g) 1.41:19;
[ug, us] = —e1 +uyq, with c = —2a,
IT) 2.52, g = span{ey, ea, u1, Uz, U3, us} with [e1,us] = —[ea,us] = w1, [e1,u3] = —ua,[e2,u3] = us and
0 0 a O
0 a 0 O
By = -
0 a 0 b 0]
0 0 0 a
(a) 2.5%:2;
[uz,ug] = (1 + s)e1, [ug,us] = (1 —s)ex withp = —r2, §>0,
(b) 2.52:3;

[uz,ug) = (r + s)er — ua, [u2,uq] =uy, [us,us] = (s —71)ea —ug with 4r =1, s> 0.

The following theorem gives the list of homogeneous with non trivial isotropy four dimensional semi-
symmetric non symmetric Lorentzian manifolds which are not Ricci flat.

Theorem 5.2. Let M = G/G be four-dimensional semi-symmetric non symmetric homogeneous Lorentzian
manifold satisfying Ric*> = 0 and Ric # 0. Then M is isometric to one of the following models, where
g = Rey and that the only non trivial brackets [e1,w;] are indicated:

a 0 0 O
2 - _ . - _ 10 0 0 ¢ '
I) 1.1, g = span{ey, uy, uz, ug, us } with [e1, us] = us, [e1,us] = —uy, By = 00 a 0 (ac < 0);
0 ¢ 0 d
(a) 1.12: 1;
[ur,ug) = —ug, [u1,us] =u1, [ug,us] = 2ug, [uz,us] =ug with 2ap? + 2ap + 2ar — ¢ # 0,
(b) 1.12 : 2;
(1, us] = u, [ug,us] = pug, [us,us) =ug withp#0, 1,
0 0 a O
) 1.4', § = span{ey,us, uz, us, us} with [e1,us] = u1, [e1,us] = uz and By = 2 70a 2 2 (ac < 0);
0 0 d ¢
(a) 1.41:2;
[61,1},4] = €1, [ula ’U,4] = uq, [u37u4] = —us with b 7& 0
(b) 1.4':9;

[ur,us] = w1, [u2,us] =rer +us +us, [uz,ua] =pus with 2ap* + 2ap + 2ar — ¢ # 0,
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(c) 1.4 :10;
[ur, ug) = w1, [ug,us] =req + us, [us,uq] = puy with pP4+p+r#0,
(d) 1.4':11;
[ur,ug) = w1, [ug,us] =re; +ug + ug, [ug,ug) = ur —ug with c # 2ar,
(e) 1.4':12;
(1, us] = uy, [ug,us] =re; +uz, [us,us) =uy —ug with r #0,
(f) 1.4':13;

[ug,us] = req +uq, [uz,us] = ug with c # 2a(1+r),
(g) 1.4 :15 and 17;

[ug,ug] = €e1 + uq, [us,uq] =ur with c+ 2ea #0, €=0,1,

(h) 1.4':16;
[ug, u3) = —e1 + ug, [uz,ug] = w1 with c# —2a, a# —c,
(i) 1.4 : 18 and 20;
[ug,u3] = eey +ug, €=0,1,
(j) 1.4':19;
[ug,u3] = —e1 + ug, with ¢ # —2a,
III) 2‘52) g = Span{617627u17u27u37u4} with [61,“2] = _[627u4] = Ui, [617’&3} = —Uusz, [627/&3} = U4 and
0 0 a O
0 a 0 O
By —
0 a 0 b 0]
0 0 0 a
(a) 2.5%:2;

[ur,ug) = w1, [ug,us] = A, [uz, us] = 2ruy, [ug,us] = B,

with A = (p+8)e1+reg+uy—2ruy, B = —rej+(p—s)ea—2rug—ug, >0, s> and p+r>#0,
(b) 2.52:3;
[ug, ug] = —(r + s)er — ug, [uz,us] =uy , [uz,us] = (s —7)ea —uz with 4r #1, s> 0.

Remark 2. They are four dimensional homogeneous Lorentzian manifolds which are symmetric and Ricci
isotropic. For instance, 1.4' : 14 — 21 — 22 — 24 — 25 and 2.5% : 4 — 5 — 6 symmetric and satisfy Ric® = 0.
Moreover, 2.52 : 6 is symmetric, Ricci flat non flat with K2 = 0.
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6. Semi-symmetric Ricci isotropic four dimensional Lorentzian Lie algebras

Note first that if G is a Lie group with a semi-symmetric Ricci flat Lorentzian metric then, according
to Corollary 2.1, K2 = 0. In the list obtained by Calvaruso—Zaeim [6], the condition K? = 0 is equivalent
to K = 0. To ’complete our study, we devote the reminder of this section to the determination of the list
of the Lie algebras with their Lorentzian metrics associated to Lie groups with a left invariant Lorentzian
metric which is semi-symmetric and Ricci isotropic.

Let (g,( , )) be a Lorentzian Lie algebra with semi-symmetric Ricci isotropic curvature. According
to Proposition 2.3, there exists a basis (e, f, g,h) a basis of g such that the non vanishing products are

(e;e) = (f,f) ={g;h) =1 and
K = U.}lAe,g \% Ae,g + w2Af,g V Af,g7 ‘W1 + w2| = 1, and f)(K) = Span{wlAe,g,WQAf)g}. (10>

Let h(g) be the holonomy Lie algebra of g. It is the smallest Lie algebra containing h(K) and satisfying
Ly, b(g)] C b(g), for any v € g. Before starting the computation, remark that if dimh(K) = 2 then g
is indecomposable, i.e., h(g) doesn’t leave any proper nondegenerate vector subspace. Indeed, if F is a
nondegenerate vector subspace invariant by h(g) then E is invariant by A. 4, and Af , and we can suppose
that dimE = 1 or 2. If dimE = 1 then A, 4(E) = Af,(E) = 0 and hence E C {e,g}* N {f, g}t = Ry
which is impossible. A same argument leads to a contradiction when dim FE = 2.

Let us compute now the Levi-Civita product from the curvature. We distinguish three cases:

1. g is indecomposable with dim h(K) = 2. In this case we will show that h(g) = h(K).
2. g is indecomposable with dim h(K) = 1. In this case we will show that h(g) = span{A. 4, As 4}
3. g is decomposable. In this case we will show that dim h(g) = 1.

Theorem 6.1. Let (g,( , )) be a four-dimensional semi-symmetric Ricci isotropic Lorentzian Lie algebra
with dim h(K) = 2. Then, there exists a basis (e, f, g, h) with the non vanishing products {e,ey = (f, f) =
(9,h) =1 and the non vanishing brackets have one of the following forms:

1. [e, f] = (a — b)g, [e,h] = e./ab+%e+(b+x)f+zg, [f,h] = (@ —x)e + ¢ ab—i—%f—f—yg, lg,h] =
261/ab+%g,a7§b

e f1=(a—252A)g, [e,h] = ce + 2L f + zg, [f,h] = ae + bf +yg, [9,h] = (¢ + b)g,a — 2L #0.
[e, h] =a€+xf+ag7 [f.h] = —ze +af +yg, [9,h] = 25+1g.

le,h] = ey/ 225 e + (a+2)f + 29, [f,h] = (a — x)e + ey /2L f 4 yg, [g,h] = 26/ 225 g.

e,h] = ce+ (a+ 255300 £ 29, (£, 0] = (o — 2heiee)e 1 bf +yg, [g,h] = ety

g

In all what above €2 = 1. Moreover, all the models above are not second-order locally symmetric and satisfy

h(K) = b(g).

Proof. In this case, the curvature is given by (10) with wy # 0 and wy # 0. Put

0 a uy c 0 m vy d
—a 0 uy 1 -m 0 vy q
L = L =
[Le] e 1 -k o | ] d —q -r 0]’
—up —uy 0 k —v1 —vy 0 r
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0 s w] U 0 r p1on
—S 0 wy 2 —x 0 p2 Yy

L = L =
(L] -u -z —w 0|’ (L] -n -y —b 0
—wp; —wy 0 w -p1 —p2 0 b

The notation [A] designs the matrix of A in the basis (e, f, g, h). The differential Bianchi identity gives

€(K)( ) + Lf (K)(ga 6) + Lg(K)(ea f) = _w2w1Ae,g + w1W2Ae,f7
(K)(f, h) + Lg(K)(h, €) + Ln(K) (e, f)

a(wr —wa) — (2r + p2)wi)Ac g — (M(w1 — w2) — 2wak — prw2)Af g + (U1wa + Vawr ) Ae, 5

H
’“T‘r‘

(
(Uzwz - Ulwl)AgJu

Le(K)(g, 1) + Lg(K) (R, e) + Ln(K)(e, 9)
—(2w — ur)wiAe g — (s(w1 — wa) — uswa)Af g + wow1 Ae § — wiw1Ag p,
0 =Ly (K)(g,h) + Ly(K)(h, f) + Ln(K)(f, 9)
( (0.)2 — wl) + vlwl) (2’[0 — 'UQ)(JJQAf’g + wlngeﬁf — U)QWQAg,h.
So w; = wy = 0 and
0 = ugws — Vw1 = Urwa + vowy = (2w — uy)wy = (2w — Vo )ws (11)

0=s(wy —wz) —v1w = (w1 — wa) — uswa = a(wz — w1) + (2r + p2)wi = Mm(we — wy) + (2k + p1)wo

Since wy # 0 and ws # 0 from (11) we get u1 = vo = w = 0. On the other hand, since g.g = 0, we get from
(7) [Rg,Lg] = R2. This implies that [R},Ly] = kR for any k € N. Thus tr(R%) = 0, of any k > 2 and
hence R, is nilpotent, i.e, R;l = 0. Or,

0 v 0 pr

up 0 0 po
[Rg] -k —-r 0 —-b

0 0O 0 O

and a direct computation shows that R‘gL = 0 implies vius = 0 and from (11) we get v; = ug = 0. The
relation [Ry, Ly] = R is equivalent to

sp1 = spa = s7 = sk = —uk —rz + kpy + rp2 +up1 + 2p2 = 0.

We have two cases.

1. 8 #0. Then wy = we, |w1| =1/2 and p; = ps = k = r = 0. We consider the equations

K(e, f) = Lie,s; — [Le, L] = ale +mLy + (d — [)Ly — [L¢, Lf] = 0,

K(e,g):L[ gl — [Le,Lg) = sLy + (u — k)Lg — [Le,Lg] =0,

K(e,h) = Lie,n) — [Le, Ln] = cLe + (I + )Ly + nLy + kLp — [Le, Lp] = —w1 A g, (12)
K(f,g9) = Lisg — [Lf,Lg] = —sLe + (2 — )Ly — [Ly, L] =0,

K(f,h) = Lign — [Ly, L] = (d = 2)Le + qLg + yLg 4+ 7Ly — [Ly, Ly] = —wa Ay g,

K(g,h) = Lign — [Lg,Lp] = ule + 2Ly 4+ bLgy — [Lg, Ly = 0.
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From the second equation m = —u. From the fourth equation we get z = a and from the sixth equation
we get b = 0. The equations become

a? 4+ u? 4 sd — sl =

ac —2ul — aq

—uq + 2ad + cu =

sl—a?+u?+sd =
—cs + 2au + sq =

ac — ul — ux + ns =

A +dl +dr+nu+le—ay+w
c+1lqg+ qxr + 2an — cx =

ad — ar — uq + ys
cd — cx + qd + 2yu + qx =
dl —lx + ¢%> + ay — dz — nu + wo

cu+ ad + ax — ys =

T = e = N = == = R e e e e R = N =]

ul + aqg — ux + ns =
Then u? = —sd, a? = sl and ¢ — ¢ = 25 tau. So
A+ 2l +1=(c—q)*+2qc+2dl + 1 = 45 %a*u® — 25 2a*u® + 2qc + 1 = 0.

Thus cq = —% — s 2au?. Since ¢ — ¢ = 25 'au we get that ¢ and —q are solutions of the equation
X% - 257 tauX + % + s72a%u? = 0 and this equation has no real solution. In conclusion the case s # 0
is impossible.
. s = 0. From the first equation in (12) we get a? + m? = 0 and hence a = m = 0. From the second
equation, we get u = 0, from the third equation we get p; = 0, from the fourth equation we get z = 0
and from the fifth equation we get po = 0. Then (12) is now equivalent to
wok = kx =wir=rx =0,
—cr+ kd = —lr + kq =0,
rle+b+q) =k(c+b+q) =0,
dlc+q—b)+2rn+(g—c)x =0,
le+q—0b)+2ky+ (¢ —c)x =0,
dl —lx + ¢* +2ry — qb — dax + wy = 0,
A +dl+dx+2kn—cb+lz +w; =0.

Then k =r =0 and

dlc+q—0)+(¢—c)z
lle+q—0b)+(¢g—c)z
dl —lz + ¢* — qb — dx + wo
A+dl+dr—chb+lz+w

I
coc oo

This is equivalent to
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d(c+q—b)+(g—c)x =0, (d—1)(c+q—b) =0, *+¢*+2dl+1 = b(qg+c) and B =dl—lz+q¢*—qb—dx.

If d # 1 then b= c+q, 2(dl — gc) = —1 and (¢ — ¢)z = 0. Since d and [ play symmetric roles we can
suppose d # 0. We get two types of Lie algebras

le, f] = (d —1)g, [e,h]qudl—i-%e—i-(l—&-x)f—i-ng,

1 1
[fh] = (d—z)e+e ﬂ+§f+whbﬁ%=%wﬂ+§md#l

or
2qc —1 2qc — 1 2qc—1
le, f] = (d— )9, e, h] = ce+ f4ng, [f,h] = de+qf+yg, lg,h] = (c+q)g,d— #0.
2d 2d 2d
If d =1 then b(q +¢) = ¢ + ¢*> + 2(®> + 1 and hence b + ¢ # 0. If ¢ = ¢ then we have two types of Lie
algebras
2¢% +1
[e,h]zce—i—xf—i—ng, [f,h]:—xe+cf+yg, [gvh’]: % 9,

/212 +1 22 +1 [212 +1
[G,h]zé 2 €+(l+$)f+’l’bg, [f,h]:(l—$)6+€ 9 .f+ygv [g7h]:26 9 g.

2, 2, 2 3.,
Ifq#cthenb:m%%ﬂande%.So

203 + 1 — 2lgc 203 + 1 — 2lgc W+g+2+1
S h|=(d-———5— h] = .
- )f+ng, [f,h] = ( 2 — 2 Je+af+yg, lg,h] 7t

[e, h] = ce+(I+
For all these models we have LihK( fyh) # 0 which shows that there are not second-order locally
symmetric. Moreover, h(K) is invariant by L which shows that h(K) = h(g). O

Theorem 6.2. Let (g,(, )) be a four-dimensional semi-symmetric Ricci isotropic indecomposable Lorentzian
Lie algebra with dim h(K) = 1. Then, there exists a basis (e, f, g, h) with the non vanishing products (e, e) =
(f, 1) ={g,h) =1 and the non vanishing brackets

_2a%+1
2

2a(a® — 1)
202 — 1

[67f] 9, [67h]: [+ zg, [f7h}: e+ yg.

1
2a(2a% — 1)
Moreover, h(g) = span{A¢ 4, Af 4} and g is not second-order locally symmetric.

Proof. We proceed as in the proof of Theorem 6.1 and we suppose that w; = 0. Then (11) is equivalent to

uy =us =s=a=0, vo =2w and m = —2k — p;. We have
0 0 0 0 0 v 0 m
0O -m 0 —=x 0 2w 0 po
Re = d R =
[Re] —c —-d —u —-n and  [Ry] -k —r —w -—b
0 —vy 0 —p 0 0 0 0

From (7), we get [Ry,L,] — R2

5 — wRy = 0 which is equivalent to

w=wv1(z—p2) =vi(u+k) = —uk —rz+ kpy +rps + ups + zp2 = 0. (13)
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We have also [Re,L.] — R? — wR. = 0 which is equivalent to

cv1:cp1:—lv1—m2—|—v1x+cm:—lm—kx—f—lpl—xm—plx—i—cmzo,
—ck+c =lu—1Im—kd—md—du+vin+cd
=—w?tuc=—c®—1d—2kn—lx —xd—nu—pn+cn=0,

(—k+m+p1 —c)vy = lvy + v — pi + epy = 0. (14)
If v1 # 0 we get from (13) and (14) c=u=k =2z =ps =0 and m = —p; and (14) becomes
—lv; —m?+ vz =—-2lm=1u—Ilm—md+vin=—-ld—lz —xd — nu+mn = lvy +vix —m? = 0.

This implies that [ = 0. We return to (12) and we find that the first equation impliesm =z =y=n=5b=0
and from the fifth equation we deduce that ¢ = 0 and w, = 0 which is impossible.

Thus v; = 0 and hence p; = 0. From the first equation in (12) we get m = 0, from the second equation we
get u = 0, from the fourth equation we get z = 0, from the fifth equation we get po = 0. From m = —2k —p;
we get k = 0 and since ¢? = ck we deduce that ¢ = 0. Thus

Le=1Asg, Ly =dAc g +qAsrg—1Agn, Ly=0 and Lj=xAcr+nAcqg+yArg—0Agn,
and (12) is now equivalent to
zr=Ir=Ild+zd+lx=Ilg+xq—1b=qd+2rn+2q—db=1d+¢*+2ry—lz —xd—qb— B =r(q¢+b) = 0.

If 2 = 0 then one can check easily that h(K) = span{Ay 4} is invariant by L and hence h(K) = h(g) which
leaves invariant Re and hence it is decomposable. Thus x # 0. Then

r=0,ld+zd+lz=Ilg+zqg—lb=qgd+zq—db=1d+¢* —lx —axd—qgb+1=0.
Since zq = 1b — lg = db — qd we get (I — d)(q¢ —b) = 0. If ¢ = b then ¢ = b = 0 and hence

r=0,ld+xd+1lx=2ld+1=0.

Soz:mg%l andl:f%.ln this case the Lie brackets are
2d* +1 1 2d(d% — 1)
e Sl = =59 e = g/t o U h = S —getvs
If ¢ # b then | = d and
_ _g_ T4 g9 _ 972 2 _
T_O’d_l_bfq’l +2lz=20"4+q¢ " —gb+1=0.
So
2 2
U P B o ity
b—q 2 q

This implies that I(1 + ng—j_l) = 0 and hence x = 0. The semi-symmetric Lie algebras obtained satisfy

Li »K(f, h) # 0 and hence are not second-order locally symmetric. O

To determine four-dimensional semi-symmetric Ricci isotropic Lorentzian decomposable Lie algebras, we
need the following proposition.
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Proposition 6.1. Let (g, (, )) be a three dimensional semi-symmetric Ricci isotropic Lorentzian Lie algebra.
Then there exists a basis (e, f,g) of g such that the non vanishing products are {e,e) = (f,g) = 1 and the
non vanishing Lie brackets have one of the following types:

(i) [e. f] = af, [e,g] = be — ag + 222 £ [f,g] = —bf,a,b € R,a # 0.
(ii) [e,g] = ae +bf, [f,9] = =L f, a,b e R, a #0.

In both cases, g is not second-order locally symmetric and h(g) = h(K) = span{A. s}.

Proof. Tt is easy to see that there exists a basis (e, f,g) of g such that the non vanishing products are
(e,e) ={(g,f) =land K= A,y V A, ;. Put

Le = adecy+bAcg+cAfg, Ly =aAcy +yAeg+2Ap, and Ly =pAcy+qdcg+1As,.
We have

Le(K)(fv g) = _K(Lefa g) - K(f» Leg) = bAe,f»
Lf(K)(g,e) = [Ly,e A f] = K(Lygg,e) — K(g,Lse) = ALjef + AeL,r + 2K(g,e) = —yAy s + 22Ac ¢,
Ly(K)(e, f) = =K(Lge, ) = K(e, Ly f) = 0.

So the differential Bianchi identity gives y = 0 and b = —2z. On the other hand, the relation 0 = L. s —

[Le, Ly] is equivalent to 22 =22 —az = 32z —cz = 0 and hence z = y = b = 2 = 0. Now the relations

—Ae,p = Le,g) — [Le, Lg] and Li¢ g) — [Le, Ly] = 0 are equivalent to
@ =a>+1—-2pc+pq+ar=ac—rc+rq+aq=aq=qc=0.
Thus ¢ = 0 and c(a —r) = a® — 2cp + 1 + ar = 0. Therefore, the solutions are
(r=y=z2=b=c=q=0 and a*4+ar+1=0) or (r=y=2=b=q=0,c#0,a=r and

727”2-1-1)

2c

Hence
L. = (IA&f + CAﬁg, Lf =0 and Lg = pA&f + ’I‘Af,g,

where (¢ =0,a?+ar+1=0)or (c#£0,p= %) In both cases it is easy to check that h(K) = span{A. s}
is invariant by L Whic}; 2shovvs that it is the holonomy Lie algebra. Moreover, for the first case we have
L2 ,(K)(e,g) = —G(L;ig)Ae,f and in the second case L2 (K)(e,g) = —4rcAc y and L7  (K)(e,g) = (1 —
4r?) A, ¢- This shows that in both cases g is not second-order locally symmetric. O

Proposition 6.2. Let (g, (, )) be a four-dimensional semi-symmetric Ricci isotropic Lorentzian decomposable
Lie algebra. Then g is a product of R with a Lie algebra as in Proposition 6.1.

Proof. In this case w1y = 0 or we = 0. We suppose w; = 0 and we consider the basis (e, f, g,h) where
K =€As,V Ay 4 with € = £1. Let E be a nondegenerate vector subspace of g invariant by the holonomy
Lie algebra. We can suppose that dimE = 1 or dim E = 2. If dim £ = 2 and since F must be invariant
by As, then E C span{f,g} or E C span{f,g}* which is impossible so dim E = 1. Let u be a generator
of E. Since Aj4(u) = 0 then u € span{e,g}. So u = e + ag. By making the change of basis (e, f, g, h)
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into (e + ag, f,g,h — ae) we can suppose u = e. Then the left invariant vector field associated to e must
be parallel and hence R, = 0. Hence span{f, g, h} is a semi-symmetric Lie algebra of dimension 3 with
isotropic Ricci curvature. According to Proposition 6.1 and its proof, Ly = aAf 4 + cAgyp, Ly = 0 and
Ly, = pAs g+ 1Ay, with (c=0,a>4ar+1=0) or (c #0,p = 2’;;"1). Put Lo = zAp g+ yApn + 2Ag 1.
The relation K(e, f) = 0 is equivalent to

Y(pAfg +1Agn) +xcAg p +yadyn +ycApn + zadyy = 0.

If ¢ = 0 then y(r 4+ a) = yp + za = 0. Since a # —r we get y = z = 0. On the other hand, the relation
K(e,h) =0 gives zaAyf 4+ xrAf s = 0 and hence = 0.
If ¢ # 0 then y = 0 and zc = za. The relation K(e, h) = 0 gives

x(aAysg+cAgp) —arAgp — zpAs e = 0.
So xz =0 and z = 0. Thus L, = 0 which completes the proof. O
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